SIMPLY CONNECTED SURFACES OF GENERAL TYPE IN 
POSITIVE CHARACTERISTIC VIA DEFORMATION THEORY 



YONGNAM LEE AND NOBORU NAKAYAMA 

Abstract. Algebraically simply connected surfaces of general type with p g = q = and 
' ' 1 < K 2 < 4 in positive characteristic (with one exception in K 2 = 4) are presented by 

using a Q-Gorenstein smoothing of two-dimensional toric singularities, a generalization 
' of Lee-Park's construction [33] to the positive characteristic case, and Grothendieck's 

5h ' specialization theorem for the fundamental group. 
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1. Introduction 



One of the interesting problems in the classification of algebraic surfaces is to find a 
c3 ■ 

new family of simply connected surfaces of general type with geometric genus p g = 0. 
Surfaces with p g = are interesting in view of Castelnuovo's criterion: An irrational 
surface with irregularity q = must have bigenus Pi > 1. Simply connected surfaces of 
general type with p g = are little known and the classification is still open. 
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When a surface is defined over the field C of complex numbers, the only known simply 
connected minimal surfaces of general type with p g = were Barlow surfaces [7] until 
2006. The canonical divisor of Barlow surfaces satisfies K 2 = 1. Recently, the first named 
author and J. Park [33 J have constructed a simply connected minimal surface of general 
type with p g = and K 2 = 2 by using a Q-Gorenstein smoothing and Milnor fiber of 
a smoothing (or rational blow-down surgery). When a surface is defined over a field of 
positive characteristic, the existence of algebraically simply connected minimal surface of 
general type with p g = is known only for some special characteristics. Lang [28] has 
constructed surfaces of general type with p g = and K 2 = 1 in characteristic 5. Ekedahl 
[T3] has given examples of surfaces of general type with p g = and with 1 < K 2 < 9 in 
characteristic two. The inequality 1 < K 2 S < 9 holds by results of Shepherd-Barron [50j . 
[5Tj when S is a minimal surface of general type with p g = 0. This is shown in Liedtke's 
lecture notes [35] on algebraic surfaces in positive characteristic. 

We shall construct such a surface of general type defined over an algebraically closed 
field of any characteristic applying the Lee-Park construction given in [33]. The following 
is our main result: 

Main Theorem. For any algebraically closed field k and for any integer 1 < K 2 < 4, 
there exists an algebraically simply connected minimal surface § of general type over k 
with p g (S) = q(S) = dimH 2 (§,6 s/k ) = and K 2 = K 2 except (char(k), K 2 ) = (2,4), 
where 0§/k denotes the tangent sheaf. Moreover, one can find such a surface with ample 
canonical divisor when 1 < K 2 < 4, except (char(k), K 2 ) = (2, 1), (2,2), and (2,4). 

Remark. (1) The surface § in Main Theorem is liftable to characteristic zero since 
H 2 (§,6 s/k ) = H 2 (§,O § )=0. 

(2) In our method of constructing S, the bound K 2 < 4 is necessary (cf. Remark 16.11 
below). 

(3) The ampleness property in Main Theorem is known in characteristic zero by [441 
Section 2] and the proof of [43, Theorem 4.1] in the case of K 2 = 3 and 4. 

(4) We have the exceptional cases of (char(k), K 2 ) by the lack of certain examples of 
rational surfaces X in Section [61 This is a technical reason, and the existence of 
such a surface S in the exceptional cases is an open problem. 

The Lee-Park construction is as follows in the case of K 2 = 2 (cf. [331 Section 3]): 
First, we consider a special pencil of cubics in P 2 and blow up many times to get a 
projective surface M (Z in [33]) which contains a disjoint union of five linear chains of 
smooth rational curves representing the resolution graphs of special quotient singularities 
called of class T (cf. Definition 13.21 below). Then, we contract these linear chains of 
rational curves from the surface M to produce a projective surface X with five special 
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quotient singularities of class T and with K\ = 2. We can prove the existence of a 
global Q-Gorenstein smoothing of the singular surface X (cf. [33] Theorem 4]), in which 
a general fiber X t of the Q-Gorenstein smoothing is a simply connected minimal surface 
of general type with p g = and K 2 = 2 (cf. [331 Proposition 8]). The method of Lee-Park 
construction works to other types of rational elliptic surfaces, which are used to construct 
a simply connected minimal surface of general type with p g = and with K 2 = 1, 3, or 
4 ([331 Section 7], [42], [43J). We shall show that the Lee-Park construction of singular 
surfaces also works in positive characteristic, but several key parts in the proof to show 
the existence of a global Q-Gorenstein smoothing should be modified. 

Over the field C of complex numbers, the existence of a local Q-Gorenstein smoothing 
of a singularity of class T is given by the index-one cover (cf. [37] Proposition 5.9], [221 
Proposition 3.10]). The key idea in [33] to show the vanishing of the obstruction space for 
a global Q-Gorenstein smoothing is to use the lifting property of derivations of normal 
surface to its minimal resolutions, the tautness of the quotient singularities, and the 
special configurations of resolution graphs of singular points. 

In characteristic 0, the tautness holds for quotient singularities (cf. [HI Satz 2.10]), i.e, 
the minimal resolution graph of a quotient singularity determines the type of singularity. 
It is known in characteristic that the tautness is equivalent to H 1 (Oe>) = for any 
"sufficiently large" effective divisor D supported on the exceptional divisors on its minimal 
resolution (cf. [301 Theorem 3.10], J3U Section 2]). However, tautness does not hold 
in characteristic p > in general. Indeed, we have some examples of rational double 
points when p = 2, 3, and 5, by Artin's classification in [5]. The lifting property of 
derivations from a normal surface to its minimal resolution exists in characteristic ( [TO] 
Proposition 1.2]), but this is not true in characteristic p > (cf. [5J Example, pp. 345] 
and Proposition 12.111 (14"]) below). In [53], the proof of Theorem C illustrates why the 
lifting property is guaranteed to hold only in characteristic 0, and also provides sufficient 
conditions for its truth in characteristic p > 0. 

However, in our constructions, we have only two-dimensional toric singularities by 
contracting linear chains of smooth rational curves. In Section [2] below, we prove that 
the singularity obtained by contracting a linear chain of smooth rational curves is a 
two-dimensional toric singularity and it is taut (cf. Theorem 12.71 below). Moreover, it 
turns out that the lifting property of derivations mentioned above is not so important for 
proving the vanishing of the obstruction space (cf. Corollary 12. 121 below). 

In Section |3J we introduce the notion of toric surface singularity of class T (cf. Def- 
inition [372]), explain some properties with Tables [T] and |2] of related numbers for some 
special cases, and construct a so-called Q-Gorenstein smoothing explicitly by using toric 
description in Theorem 13.81 
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We recall several basics on the deformation theory of schemes in Section H] including Sch- 
lessinger's theory of functors on Artinian rings. As an exercise, using cotangent complexes 
and obstruction theory, we shall prove in Theorem 14.61 that z/H 2 (X, @x/k) — for an 
algebraic k-variety X with only isolated singularities, then the morphism Defx — > Def^ oc ' ) 
between the global and local the deformation functors of X is smooth in the sense of Sch- 
lessinger (cf. [55] Proposition 6.4]). An algebraization result (Theorem I4.7[) is added, 
which plays an important role when we construct an algebraic deformation. The proof 
uses Artin's theory of algebraization (cf. [3]). 

In Section [5] we shall construct a deformation of a normal projective surface X with 
toric singularities of class T assuming some extra conditions. As a consequence, we 
have a so-called Q-Gorenstein smoothing not only over the base field k but also over a 
complete discrete valuation ring with the residue field k (cf. Theorems 15.21 and I5.4p . As a 
byproduct, in Corollary I5.3[ we can give a correct version of the existence of Q-Gorenstein 
smoothing of any log del Pezzo surfaces of index two in positive characteristic (cf. [4"0| 
Theorem 5.16]). By the smoothing over the discrete valuation ring and the Grothendieck 
specialization theorem (cf. [SGA1, Exp. X, Corollaire 2.4, Theoreme 3.8]), the algebraic 
simply connectedness of the smooth fiber is reduced to that of a smooth fiber of a Q- 
Gorenstein smoothing of a reduction of X of our construction to the complex number 
field C. Note that the simply connectedness in case k = C for the known Lee-Park 
constructions has been proved in [33], [12], and |43j by using Milnor fiber (or rational 
blow-down) and by applying van-Kampen's theorem on the minimal resolution of X. 

Our plan of the proof of the Main Theorem is as follows: We first construct a normal 
rational surface X with only toric singularities of class T satisfying extra conditions by 
Lee-Park's method. This X is constructed from a suitable cubic pencil $ on P 2 , a special 
construction of a birational morphism M — > P 2 , and a blowdown M — > X of a union of 
linear chains of rational curves defining toric singularities of class T. Second, we apply 
the results in Section [5] to X and obtain a so-called Q-Gorenstein smoothing of X, in 
which a general smooth fiber X t is an expected surface satisfying the required conditions 
in Main Theorem. 

In Section 16] we shall explain the outline of our proof giving sufficient conditions for 
the data needed in constructing X. During the discussion, from the conditions, we shall 
prove some key results such as the vanishing H 2 (X, @x/k) — 0, and the nef and bigness 
of K x . 

In Section we shall give eight examples working in our proof. Most examples are 
taken from [33], [12], and [43J, but Examples l7.6fTT8l are new which are presented by 
Heesang Park. These new examples are needed because of some problems in small char- 
acteristics. For example, rational surfaces admitting a minimal elliptic fibration with a 
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configuration type (Is, Ii, Ii, I2) of singular fibers are used in [12] and [33], but in character- 
istic 2, such a configuration does not exist [29]. Moreover, the vanishing H 2 (X, Qx/k) — 
does not hold in small characteristic in some cases. By checking the conditions of Section [6] 
for all the examples, we finally complete the proof of the Main Theorem. 

Acknowledgements. The first named author would like to thank Research Institute 
for Mathematical Sciences (RIMS) in Kyoto University and Korea Institute for Advanced 
Study for their hospitality during his visit. Main part of the paper was worked out during 
his stay at RIMS in 2010. The authors express their gratitude to Professors Jonathan 
Wahl and Christian Liedtke for the invaluable comments. The authors are grateful to 
Dr. Takuzo Okada and Dr. Hisanori Ohashi for their careful reading of the draft versions, 
to Dr. Heesang Park for her providing Examples I7.6H7.8[ and to Prof. Dongsoo Shin for 
his drawing figures. The authors thank to the referee for suggesting many improvements. 

Notation and conventions. In this article, we fix an algebraically closed field k of 
characteristic p > 0. 

• An algebraic scheme over a field IK means a IK-scheme of finite type. This is called also 
an algebraic JK-scheme. An algebraic variety over a field IK (or an algebraic ^-variety) is 
an integral separated algebraic scheme over IK. 

• For an algebraic k-scheme X, fi^/k denotes the sheaf of one-forms and Qx/k de- 
notes the tangent sheaf, i.e., Qx/k = % om e>x(^x/k> ®x)- F° r a non-singular algebraic 
k- variety X and a normal crossing divisor B, Q x ^ k (logB) denotes the sheaf of logarith- 
mic one-forms with poles along only B. Its dual 'Hom c > x (Q x ^ k (\ogB),Ox) is denoted 
by Qx/k(— log B), which is identified with the sheaf of derivations 5 G Qx/k such that 
6(O x (-B)) c Ox(-B). 

• For a normal integral separated scheme X and for a (Weil) divisor D, the reflexive 
sheaf Ox{D) of rank one is by definition the subsheaf of the sheaf of rational functions 
determined by the following property: A non-zero rational function tp is contained in 
n°(W, Ox{D)) for a non-empty open subset U if and only if div(^) |^ + D\u > for the 
principal divisor drv(<p)\u on U. 

• The maximal ideal of a local ring A is denoted by m^. 

• A geometric point t of a scheme X is by definition a morphism t : Spec k(i) — > X for 
an algebraically closed field k(t). For any scheme Z over X, the geometric fiber Z t over 
the geometric point t is defined to be the fiber product Z x x ,t Speck(t). 

• An etale neighborhood of a pair (X, x) of a scheme X and a point x is by definition a 
pair (X', x') of a scheme X' etale over X and a point x' lying over x such that the induced 
homomorphism between the residue fields at x and x' is isomorphic (cf. [21 Section 2]). 
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• In this article, the (etale) fundamental group of a scheme X is called the algebraic 
fundamental group and is denoted by 7r^ lg (X) to avoid confusion with the topological 
fundamental group of a complex algebraic scheme (cf. [SGA14 Exp. XII, Corollaire 5.2]). 

2. Linear chains of rational curves as exceptional loci 

The main purpose of this section is to prove that any two-dimensional singularity 
having a linear chain of smooth rational curves as the exceptional locus of the minimal 
resolution is "toric." In other words, we prove the tautness (cf. [31]) of such singularities. 
In the case of characteristic zero, the singularity is just the cyclic quotient singularity of 
type -(l,?) for some integers n > q > with gcd(n,g) = 1, and the tautness is known 
by Satz 2.10]. 

In this section, let us fix a Noetherian ring A and positive integers n, q such that 
n > q and gcd(n, q) = 1. We define integers b\, . . . , bi greater than one by the continued 
fraction: 

1 

n/q = [h, ...,bi] := b x 

1 

b 2 

1 

'~k 

and introduce the following two conditions: 

Definition 2.1 (Conditions C(n,q) and C(n,q)'). Let Y be an affine algebraic flat A- 
scheme and let E be a closed subscheme such that 

• every geometric fiber of Y — > Spec A is a normal surface, 

• E is a section of Y — > Spec A, and 

• Y \ E is smooth over Spec A. 

The pair (Y, E) is said to satisfy condition C(n,q) with a proper surjective morphism 
/i : M — > Y if the following conditions are satisfied: 

(1) M — > Y — > Spec A is smooth and /i is an isomorphism over Y \ S. 

(2) /i _1 (S) is a divisor Y^i=x^i sucn that: 

(a) Any E{ is a Cartier divisor with E{ ~ and OeX—Ei) ^ Oibi). 

(b) EiHEj =0 if > 1. 

(c) The scheme-theoretic intersection Ej := C\Ei is a section over Spec A for 
all 2 < i < I. 

If, in addition, there exist divisors Bi, B 2 on Y satisfying the conditions below, then 
(Y, Bi, B 2 ) is said to satisfy condition C(n, q)'\ 

(3) The set-theoretic intersection B\ fl B 2 is E. 
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(4) There is a relative Cartier divisor E (resp. Ei + i) with respect to M — > Spec A 
such that: 

(a) E nEi = <H and E s n E l+1 = for all % > 1 and j < /. 

(b) The scheme-theoretic intersections Y,\ \= Eq P\ E\ and E/ + i := E\ n are 
sections of M — >■ Spec A. 

(c) i?i (resp. B 2 ) is the image of Ei+i (resp. £?o) by \i: M — >■ K. 

Remark 2.1.1. In the situation above, the "dual graph" of ^iio-^i ^ s written as 

E ^ 

(II-i) • — o — o o — • 

where the ends are distinguished, since these are not /^-exceptional. 

Remark 2.1.2. If A is an algebraically closed field, then the condition C(n, q) means that 
Y is a normal affine surface with a singular point S in which the exceptional locus of 
the minimal resolution is a linear chain of smooth rational curves. Moreover, in this case 
the condition C(n, q)' means that B\ and B 2 are prime divisors on Y with Bi (1 B 2 = £ 
in which the dual graph of /i _1 (i?i U B 2 ) is also a linear chain and the end components 
correspond to the proper transforms of Bi and B 2 . 

In this section we will do the following: 

• Giving an explicit construction of a toric A-scheme V with two boundary divisors 
D\, D 2 such that (V,Di,D 2 ) satisfies C(n,q) r . 

• Showing that any (Y, S) satisfying C(n, q) is "etale equivalent to" V along E when 
A is a field (cf. Theorem I2.6p . 

• Showing that any (Y, Bi,B 2 ) satisfying C(n,q)' is "etale over" (V,D 1 ,D 2 ) when 
A is a local ring (cf. Theorem 12. 7p . 

• As applications of Theorems 12 . 61 and 12 . 7[ giving some local properties of the surface 
singularity which has a linear chain of smooth rational curves as the exceptional 
locus of the minimal resolution. 

Remark. When A is an algebraically closed field, Theorem 12.61 corresponds to the "taut- 
ness" (cf. [21]) for two-dimensional normal singularities having linear chains of smooth 
rational curves as the exceptional locus of the minimal resolution. In positive charac- 
teristic, the tautness for linear chains of smooth rational curves seems to be well-known, 
but the authors could not find any reference. Recently, Hara has found another proof of 
Theorem 12.61 (cf. Case (1) in the proof of [T7J Theorem 2.1]) using an argument in [S]. 

We begin with constructing V by applying the theory of toric varieties or of torus 
embeddings. We refers the reader to [12], [21], [H], [H], etc. for more details of the theory. 
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Let No be a free abelian group of rank two with a basis (ei, e 2 ), i.e., No = Zei + Ze 2 . For 
the fixed integers n and q above, we set 

v := (l/n)(ei + ge 2 ) G N ,q = N ® Q and N := N + Zw C N ,q. 

Now, we define V to be the affine toric A-scheme Tn(ct) associated with N and with the 
cone cr = M> ei + M>oe 2 C N R . More precisely, V := Spec A[cr v fl M] for the semi-group 
ring A[cr v n M], where M = Hom(N,Z) and cr v = {m G M R | m > on cr}. Note that 
A[cr v n Mq] is a polynomial algebra A[x 1; x 2 ] of two variables, where M = Hom(N ,Z) 
and that the subalgebra A[cr v fl M] is generated by monomials x^x™ 2 for integers mi, 
m 2 such that mi > 0, m 2 > 0, and mi + gm 2 = mod n. For the group ring A[M], 
the affine A-scheme Tn = SpecA[M] is a group scheme isomorphic to G^ A , the algebraic 
torus of relative dimension two. Since cr v n M C M, V contains Tn({0}) = Tn as an open 
subset. Moreover, the standard action of Tn on Tn extends to V, compatibly with the 
open immersion Tn C V. 

Definition 2.2. The A-scheme V is said to be the toric A-scheme of type (n, q). 

For an element m G M, let e(m) be the element in the group algebra A[M] corresponding 
to m. Then, e(m) can be regarded as a rational function on V, and it is regular when 
m G <T V fl M. The cone cr has four faces: cr itself, two rays K>oei, lR>oe 2 , and the 
zero-dimensional cone {0}. For such a face r, let t 1 - be the vector subspace {m G Mr | 
m(r) = 0} and consider the ring homomorphism A[cr v fl M] — > Afr -1 fl M] defined by 



The kernel of the ring homomorphism defines a closed subscheme Z(t), which is the 
closure of an orbit of Tm on V. We set Dj := Z(M.> Q ei) for i — 1, 2, and set £ := Z(cr). 
Then, the following properties are easily shown: 

• Di and D 2 are prime divisors on V when A is integral. 

• S is a section of V over Spec A. 

• S is the scheme-theoretic intersection D\ fl D 2 (cf. Remark 12.2. II below). 

• V \ (Dx U D 2 ) is the "open torus" T N ({0}). 

• For i = 1, 2, A ~ A\ and D t \ E ~ G m , A . 

• T N ({0}), £>i \ S, D 2 \ S, and S are the orbits of T N in V. 

Note also that, for % = 1, 2, the order of zeros (or the minus of the order of poles) of 
the rational function e(m) for m G M along the prime divisor Di equals m(ej) (cf. [2"H 
Chapter I, Theorem 9]. [IT] §5], (HI Section 2.1]). Hence, the principal divisor div(e(m)) 





otherwise. 
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has the following expression: 

(II-2) div(e(m)) = m{e 1 )D l + m{e 2 )D 2 . 

Remark 2.2.1. Using (III— 2j) . we can prove that T, is just the scheme-theoretic intersection 
of D\ and D 2 as follows. For i — 1, 2, the defining ideal Ii of Di is generated by e(m) for 
in G cr v n M with ra(ej) > by (III— 2[) . On the other hand, the defining ideal I at S is 
generated by e(m) for m G cr v nM\{0}. Thus, I = Ii + I 2 , i.e., S is the scheme-theoretic 
intersection DiH D 2 . 

Remark 2.2.2. If A' is a A-algebra, then 1/ x Spec A SpecA' is also the toric A'-scheme of 
type (n,q). If A is an algebraically closed field, then V is an affine normal surface with 
unique singular point S. 

In order to show that (V, Dx, D 2 ) satisfies the condition C(n, q)', we shall construct the 
toric "minimal resolution of singularities" v : U — > V which is essentially the same as the 
well-known Jung-Hirzebruch resolution (cf. [23], [19]). The following lemma follows from 
the property n/q = [bx, ■ ■ ■ , b{\: the proof is left to the reader. 

Lemma 2.3. There exist vectors Vq, vx, ■ ■ ■ , vi + x G N fl a satisfying the following condi- 
tions: 

(1) Let pi, qi be integers determined by Vi = (l/n)(piex + qie 2 ). Then, 

p = 0<Pi = l<---< pi+x = n and q = n>q 1 = q>--->qi = l> q i+i = 0. 

(2) v^x + v i+1 = hvi forl<i<l. 

(3) N = Zv^ + Zvi forl<i<l. 

(4) Let (hx,h 2 ) be the basis of M = Hom(N ,Z) dual to (ei,e 2 ), i.e., hi(ej) = 5ij. 
Then, for all 1 < % < I , 

{-q%hx +Pih 2 , qi-xhx - Pi-\h 2 ) 

is the basis of M dual to (vi-i,Vi). 

(5) p%qj = Pjqi mod n for all 1 < i,j < I. 

Note that vq = e 2 , Vx = v, and vi + \ = ex- Note also that the last assertion (j^ is derived 
from (j3J) since it is equivalent to: {—qihx + Pih 2 )(vj) G Z for all 1 < i,j < I. 

The cones <Tj := M>of j-i + M>ofj for 1 < i < I and the rays M>o% for < j < I + 1 
together with the zero cone {0} form a non-singular fan A of N such that the support | A| 
coincides with ct (cf. p2J Section 4.2], [211 Chapter I, §2], [IB §5], [HI Chapter 1]). Let 
U be the toric A-scheme Tn(A) associated with the fan A. Then, we have a canonical 
proper surjective morphism v :[/—>• V which is an isomorphism at least on the open torus 
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Tn({0}). Now, U is a union of the smooth affine toric A-schemes U = Spec A[cr^ n M] ~ 
A^. In fact, by Lemma 12. 3\ we see that A[cr^ fi M] is a polynomial A-algebra of two 
variables generated by 

& := e(-gA +Pih 2 ) = x^ l x^ and Tfc := e{q i ^ 1 h l - Pi-ih 2 ) = xf^x^ -1 . 

Here, U D Uj equals the open torus T N ({0}) ~ Tn of U if \i — j\ > 1, since cr^ fi erj = {0}. 
For 1 < i < Z, the intersection [/* := (7j fl £/j+i is isomorphic to the toric A-scheme 
T N (IR> fj) ~ A^ x SpecA G mj A, since cr^ fl cr i+1 = R> ?V For < i < I + 1, let Gj be the 
-invariant prime divisor on {7 = Tn(A) corresponding to the ray M> fj. In particular, 
Go (resp. is the proper transform of D 2 (resp. Di). 

Lemma 2.4. The triplet (V, £>i, -D2) satisfies the condition C(n, q)' with the proper mor- 
phism u: U — > V. 

Proof. For any m 6 M, we have 

Em 
m(«i)Gi 
i=0 

as in (111-21) . where e(m) is regarded as a rational function on U. Now, Gj|;y. = for j < i 
and j > % + 1, since ^ cr.,. Furthermore, we have: 

(II-4) Gi\ Ut = dw(r]i)\ Ut and = div(£ m )|^ +1 , 

by the calculation 

div(6)|^ = V\ . f-gi/ii +Pi^2)(%)G i | C7j = Gi- X \ Uv 

— '3=%-l 

div^)!^ = V — Pi-1/12) 1 1/ 4 = Gi\ Uv 

^ — '3=1-1 

using (III— 3[) and Lemma [2. 3[ As a consequence, 

Ut = Ui\ = Ui n {& 7^ 0} ~ A\ x G m , A . 

The toric A-scheme U is obtained by gluing the affine A-planes U ~ A A for 1 < i < I + 1 
with the coordinate systems (£i,r]i). The transition relation is 

( n "5) &+i|r? = CNi|c?, and 77i + i|c/* = ^\u*, 

on U* = Un U i+ i. This is possible, since - (g»_i, -Pi-i) = b i (-q i ,p, i ) (cf. 

Lemma I2T3|) . Furthermore, G { ~ P A with Gi (Gi) ~ for all 1 < i < Z by fllhlj) 

and (lll-5p . On the other hand, Go and Gi + i are isomorphic to A A . The scheme-theoretic 
intersection Sj = G,_i fl Gj for 1 < i < I + 1 is just the orbit corresponding to the two- 
dimensional cone crj. Therefore, X]!=o^* * s a (relative) simple normal crossing divisor 
(over Spec A) with the dual graph similar to flll-ll) . and hence, (V,Di,D 2 ) satisfies the 
condition C(n, q)'. □ 
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Remark 2.4.1. Let pi and qt for < i < l+l be the integers defined by (n, q) in Lemma 12731 
If ai and a 2 are integers with a\ + ga 2 = mod n, then, p^ai + q^a 2 = mod n for all 
< i < I + 1, and 

(II-6) /i (ai£>i + a 2 -D 2 ) = > Gi. 

— <i=o n 

In fact, this is derived from (1II-2P and ( 1II-3P applied torn = ai/ii + a 2 /i 2 . As special cases, 
we have 

(II-7) n*(nD 1 ) = Y] l+1 p i G i and //(n£> 2 ) = V* 

•'—'1 = 1 •'—'4 = 



We have another proof of (III— 6h in Corollary 12.8.31 below. 

Next, we consider an arbitrary affine A-scheme F and a closed subscheme E satisfying 
C(n,q). First we shall show: 

Lemma 2.5. Lei F 6e an affine A-scheme and E a closed subscheme such that (Y, E) 
satisfies C(n, q) for a proper morphism fx: M — > Y . Then, Oy ~ \i*Om — j*CV\£, where 
j : F \ E <^-> F denotes the open immersion. 

Proof. We take an arbitrary point y G E and a point £ G M lying over y. Let £ G Spec A 
be the image of y, and let F t and M t be the fiber over t of F — > Spec A and M — > Spec A, 
respectively. Then, 

depth Y , y = depth Oy uy + depth C Spe cA,t > depth Oy uy = 2, 
depth O m ,x = depth Mt ,x + depth C Spe c a,* > depth Mt ,x > 1, 

since F and M are flat over A, and since all the fibers of F — > Spec A and M — > Spec A 
are normal surfaces. Hence, Oy — > j*CV\£ is an isomorphism and Om — > ji^M\u- 1 Cs) is 
injective for the open immersion j' : M \/i _1 (E) <^-> M (cf. |EGA1 IV, Theoreme (5.10.5), 
Proposition (5.10.2)] or [SGA21 Exp. Ill, Proposition 3.3, Corollaire 3.5]). Since M \ 
/i _1 (E) ~ F \ E, we have isomorphisms Oy ~ h*Om — j*Cy\E- D 

The condition C(n,q) characterizes the toric A-scheme of type (n, q) up to etale mor- 
phism when A is a field. Namely, we have: 

Theorem 2.6 (tautness). Assume that A is a field. Let (F, E) be a pair satisfying the 
condition C(n,q) with a proper morphism fi: M — >■ F. Let V be the toric A-scheme 
V of type (n,q) and v: U — > V the minimal resolution constructed as above. Then, 
there exists an etale neighborhood Y° of E in Y with etale morphisms r : Y° — > V and 
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$: M° := M Xy Y° — >■ [/ which form a commutative Cartesian diagram: 



M° Y< 



Remark 2.6.1. An etale neighborhood Y° of E in Y means an etale morphism Y° — > Y 
such that the image contains E and that E Xy V° — >■ E is an isomorphism (cf. Notation 
and conventions). 

Similarly, the condition C(n,q)' characterizes the toric A-scheme of type (n,q) up to 
etale morphism: 

Theorem 2.7. Assume that A is a Noetherian local ring. Let (Y, .61,-62) be a collection 
satisfying the condition C(n,q)' with a proper morphism fi: M — > Y. Let V be the toric 
A-scheme V of type (n,q) and v.U^-V the minimal resolution constructed as above. 
Then, there exists an open neighborhood Y° of E in Y with etale morphisms t : Y ° — > V 
and $: M° := M x Y Y° — >• U which form the same commutative Cartesian diagram as 
in Theorem 12.61 



Before proving Theorems 12.61 and 12. 7\ we need some results on the "singularity" of Y 
along E. 

Lemma 2.8. In the situation of Theorem 12.61 or \2.7\ if an invertible sheaf C on M is 
H-nef, i.e., deg(£|c) > for any fiber C of E { ~ — >■ E ~ Spec A for all 1 < i < I, then 
H J (M, C) = for all j > and C is generated by global sections. If C is ^-numerically 
trivial, i.e., deg(£|c) = for any C above, then fi^C is an invertible sheaf on Y and 

fi*(fi*C) ~ c. 

Proof. For the vanishing tF(M, C) = 0, it is enough to check only when j = 1, since 
the dimension of the fibers of \i is at most one. Let Z be the divisor Yli=i E% which is a 
relative Cartier divisor over Spec A. Then, G M (—Z) is /i-nef by hi > 2. It is enough to 
prove the following two assertions: 

(1) R 1 (Z,C\z) = 0- 

(2) C\z is generated by global sections. 

In fact, H 1 (Z, C\z <8> Oz(— mZ)) = for any m > by (pQ), and it implies the vanishing 
H 1 (M, O m z <S> C) = for all m > by induction using the exact sequence 

->■ O z (-(m - l)Z) ® Qm C ->■ O mZ ®o M £ ->• 0(m-i)z ®o M £ ^ 0- 

Hence, H 1 (M, C) = 0, since the module H 1 (M, C) is supported on E and the formal 
completion H 1 (M, £) A along E is isomorphic to the projective limit jim ^ H 1 (0 m ^ £g> C) 
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(cf. [EQAl III, Theoreme (4.1.5)]). We also have H 1 (M, O m (-Z)®£) = 0, since M {-Z) 
is nef, and as a consequence, the restriction map H°(M, £) — >■ H (Z, £| z ) is surjective. 
Thus, £ is generated by global sections by (j2J). 

For integers 1 < a < b < I, we set Z a>b := ^i= a ^- We sna U show ([I]) and (J2J) by 
proving the following two assertions for any such pair (a, b) of integers: 

(3) H 1 (Z a , 6 ,£| Za J = 0. 

(4) C\z ab is generated by global sections. 

We shall prove them by induction on b — a. These are true when a = b. In fact, Z a%a = E a , 
E a ~ F\, and C\E a — P i (d a ) for some d a > 0. Assume that b > a. Then, we have two 
exact sequences 

Ba (-Z 0+1)6 ) ~ O n (-1) Za , 6 Oz a+1 , 6 and 

o o Sb (-z a , 6 _ 1 ) ~ o^(-i) o z-il 0. 

Since £|^ a ~ Opi (d a ) and C\E b — 0- P i(df ) ) with d a , d b > 0, we have 

E\E a ,C\ Ea ® o Ba (-^ a+ i, 6 )) = H 1 ^,/^ <g> ©^(-Z^)) = 0. 

Therefore, we have surjections H°(£| Za J -> H°(£| Za+16 ) and H°(£| Z< J -> H°(£| Za b _J, 
and isomorphisms H 1 (£| Za J ~ H 1 (£| Za+1 J ~ H 1 (£| Za 6 _J. Thus, © and ® for (a, 6) 
follow from those for (a + 1, b) and for (a, 6—1). By induction on b — a, fl3]) and (j3J) hold 
for any (a, 6), and hence, (p]) and © hold. Thus, we are done. □ 

Remark. If one knows the vanishing H 1 (M, 0m) = 0, then Lemma \2. 8 1 is a special case of 
[3UI Theorem (12.1)], which generalizes [TJ Lemma 5] stated over an algebraically closed 
field. 

Corollary 2.8.1. Let Y be an affine normal algebraic surface defined over an algebraically 
closed field k with a unique singular point P. If the exceptional locus for the minimal 
resolution of a singularity is a linear chain of smooth rational curves, then (Y, P) is a 
rational singularity. 

Remark 2.8.2. In Corollary 12.8. 1\ the divisor Z in the proof of Lemma [2.81 is nothing but 
the fundamental cycle. Thus, the rationality of (Y, P) is also derived from p a (Z) = by 
[H Theorem 3]. 

Corollary 2.8.3. Let //: M ->■ Y , B lt B 2 , and be as in the situation of Theo- 

rem 12.71 Let ai, a 2 be integers such that a± + qa 2 = mod n. Then, Pia\ + qia 2 = mod n 
for all < i < I + 1 for integers Pi and qi defined in Lemma I2.3|. aiE>i + a 2 B 2 is Cartier, 
and the equality 

(II-8) fx (a 1 B 1 + a 2 B 2 ) = } E { 
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of C artier divisors hold on M. 

Proof. By Lemma I2UI we have piO\ + qi(i2 = mod n, and we see that the right hand side 
of (1II-8P is ^-numerically trivial. Hence by Lemma \2.8\ the associated invertible sheaf to 
the divisor of the right hand side is just the pullback of an invertible sheaf on Y. Thus, 
(111-81) holds, since a\B\ + 02-82 is the push-forward of the right hand side. □ 

Proof of Theorems 12.61 and 12.71 First, we shall prove Theorem 12.61 assuming Theorem 12. 71 
to be true. In Theorem 12.61 A is a field, say K. Thus, E is a K-rational point. Let R be 
the henselization of the local ring Oy,T. and let /i~ : M~ — > Spec R be the base change of 
ll: M Y by Speci? -> Y. Then, 

Pic(M~) Pic (if 

is surjective by [Ml Lemma (14.3)] or |EGAl IV, Corollaire (21.9.12)]. Hence, by replacing 
Y with an etale neighborhood Y° — > Y of E in Y, we may assume that Pic(M) — > 
Pic(lj' =1 Ej) is surjective. Then, we can find invertible sheaves C, CJ on M such that 

deg£| Bl = deg£'| Ei = 1, and deg£| Bi = deg^'l^. = 

for i > 1 and j < I. Applying Lemma [2.81 to £ and £', we have two affine prime divisors 
E , E i+1 on M such that 

• C ~ Om(^o) and £' ~ Om(%), 

• E D Ei and £Jj fl are sections of M — > Spec A, and 

• £0 n US Ei = E m n LfcJ E i = 0- 

Hence, the dual graph of ^!=o^ * s ^ e same as pi-ip . We set B x := li*{Ei + i) and 
B 2 '■= lm*(E ). Then, B\ and B 2 are prime divisors on Y with _Bi fl B 2 = E, set- 
theoretically. Furthermore, £7+1 and £?o are the proper transforms of Bi and B 2 , respec- 
tively. Thus, (Y,Bx,B 2 ) satisfies the condition C(n,q)'. Hence, Theorem 12.61 is derived 
from Theorem 12.71 

In the rest of the proof, we shall prove Theorem 12.71 If a\ and a 2 are integers with 
a\ +qa 2 = mod n, then a\Bi +a 2 B 2 is Cartier by Corollary 12.8.31 We may assume that 
these Cartier divisors a\Bi + 02-62 are all linearly equivalent to zero by replacing Y with 
an open neighborhood of E, since A is local. 

For < i < I + 1, let 6j be a global section of Oj^(E i ) such that the divisor (ej) 
of zeros equals E^ in other words, e» : Om Om^Ei) is dual to the natural injection 
Om^—Ei) C Om- Let ai, a 2 be integers with cti + qa 2 = mod n. Then, by (lll-8p . there 
is a rational function <p ai ,a 2 011 Y such that 

^\^) = \^ +1 jr i+qia2)ln - 
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For 1 < i < I + 1, let Mj be the complement of Ufc^i-i i-^fc m Then, Mj is a 
neighborhood of the intersection Ei_i D £j. We define 

^ := //O-g^JUi and U := -p^JIm* 

for 1 < z < £ + 1. By (111-81) . we see that and tj are regular on Mj satisfying 

div(s»)| Af . = £^_i|Afi and div(i;)| Mi = -Ei|M<- 

In particular, (s», t$) is a local coordinate system of Mj along the intersection -Ej_i fl i?j. 
For 1 < i < I, let M* be the intersection Af< n M i+1 = M \ |J M j Then, we have 

(II-9) Sj+iIm* = s^ti|M*, ^i+iUi* = s i 



similar to (jlFgjl . For 1 < i < I + 1, let Mj -> £/j = Speck[o-V n M] ~ be the 



morphism defined by 

$*(&) = Sj and $*(7/i)=t is 
which is etale along U i?j) fl Mj. By fill— 5 j) and flll-9l) . the morphisms $j for 1 < i < 



I + 1 are glued to a morphism $ : M = |J Mj — >■ £7 = |J C/j, which is etale along lj!=o 
and which induces = £7j for all < z < 1 + 1. Since /z o $ : M — )■ £/ — >• V contracts 

the divisor E = Yl\=\-^i to the section X, we have a morphism r: F — > V such that 
i/ o $ = r o /i, i.e., the diagram 



M — ^ F 



is commutative. For the proof of Theorem 12. 7[ it is enough to prove that r is etale along 
E. Applying [EGA[ III, Theoreme (4.1.5)], we have isomorphisms 

°y - \jm m ^(0 M /0 M (-mE)) and 0$ ~ hm m ^(^/^(-mG)), 

where E = J2 i=1 Ei, G = ^j =1 Gj, anc ^ (resp. (9 y ) is the formal completion of 
Oy ~ h*Om (resp. Cy ~ zaCV) along £ (resp. £). On the other hand, $ induces an 
isomorphism 

H°(E7, Ou/Oui-mG)) ~ H°(M, M /0 M (-mE)) 

of A-algebras for all m > 0, since = and -E — >• G is an isomorphism. Thus, 

r induces an isomorphism Ojj ~ Oy. Hence, the morphism r t : F t — > V t between the 
fibers of V and U over any point t G Spec A induced by r is etale at the point S fl Y t by 
[EGA[ IV, Theoreme (17.6.1) or Proposition (17.6.3)]. Thus, r is etale along S by [EGAl 
IV, Proposition (17.8.2)], and this completes the proof. □ 
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In the rest of Section [21 we shall show some local properties of surface singularities that 
have a linear chain of smooth rational curves as the exceptional divisor for the minimal 
resolution. 

Lemma 2.9. Let V be the toric surface Tn(ct) of type (n, q) defined over k and let D\, 
D 2 , u: U —tV,Gi be the same as above, except that the singular point of V is denoted 
by instead o/S. Then, there are natural isomorphisms: 

v*Ou(G ) ~ O v (D 2 ), v*0 Go (G ) ~ £xt l 0v (0 D2) O v ), 

u*Ou(G l+1 ) ~ CV(D a ), v*0 Gl+1 (G l+1 ) ~ Ext x 0v {0 Dx ,O v ). 

Proof. Let k(V) = k(U) be the rational function field of V and U. For a non-zero rational 
function ip G k(V), if div(<^)y + -D 2 > for the principal divisor div(</?) y on V, then we 
have 

ndiv(^)[/ + nGo = v*{div((p n ) v + nD 2 ) - > - V g^G, 

^— 'j=i '—•1=1 

for the principal divisor div (<£>)[/ on Z7 by applying (III-7P in Remark l2.4.1l Thus, div(<p)u + 
Go > 0, since < n for all 1 < i < I. On the other hand, if a non-zero rational function 
ip G k([7) satisfies div(^)(y + G > 0, then 

div(^)y + D 2 = I/,(div(V0tf + G ) > 0. 

Therefore, H°(V, C>y(X> 2 )) = H°(?7, Ou(G )), and we have an isomorphism v*O v {G Q ) ~ 
Cy(-D2)- By applying i/* to the exact sequence — > — )■ Ou(G ) — >■ Cgo(^o) ~* 0, we 
have another exact sequence 

-> (Dy ->• 0y(L> 2 ) -> v.O^Go) -> 0, 

since R 1 = by the rationality of the toric singularity or by Corollary 12.8. II Hence, 
v*Ogo{G ) ~ £xt^ v (0 D2 ,O v ) is derived from -> O v {-D 2 ) ^ £>y -> £> D2 -> by 
applying £xt l 0v (», Oy). The other isomorphisms concerning and Z?i are obtained 
by a similar way. □ 

Before going to Lemma 12. 10|. we recall some basics on the "sheaf of logarithmic one- 
forms" on the toric surface V = Tm(ct) and the residue homomorphism. The sheaf ^T N /k 
of one-forms on the torus Tn = SpeckfM] is trivial by the isomorphism 

which maps m £g> 1 to e(m) -1 de(m) for any m G M. Regarding Tn as the open subset 
T|\|({0}) = V \ D of V = T|\|(<r), where D = D\ + D 2 , we can extend the isomorphism to 

6: M® z O v ^Q y/k (logL>) :— j*tty / k (\ogD°), 
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where j is the open immersion V° := V \ {0} C V, and D° is the divisor D\y° (cf. [2T1 
(1.12), Proposition], [151 §4.3, Proposition]). Note that V° and D° are non-singular. The 
logarithmic tangent sheaf 



Q v/k (-\ogD) :=Uomo v {n l v/k {\ogD),0 



'v 



1 wv 

V/k) 



is isomorphic to N ©^ £V by the dual of 6. The double-dual {ft 
of relative one-forms is just the kernel of the residue homomorphism 

Res: fi^QogD) ^0 Dl ®0 D2 . 

This residue homomorphism is given by the evaluation map 

ev: M 3 m h> (m(ei),m(e 2 )) G ZffiZ 

in the sense that there is a commutative diagram 

m® z cv (Z©Z)©£V 



of the sheaf Ql 



V/k 



Res 







D 2 



where the right vertical arrow is the direct sum of the natural homomorphisms Oy — > Od 1 
and Oy -» Od 2 . 

Lemma 2.10. The residue homomorphism Res is surjective if and only if p \ n, where 
p = chark. If p\n, then the cokernel o/Res is the skyscraper sheaf at corresponding 
to the residue field k(0) ofOyo, and the image o/Res is isomorphic to On- 

Proof. The subgroup M of Mo = r Lh\ + 7Lh 2 is generated by elements a\h\ + 02/12 such that 
ai + qa 2 = mod n. Here, Reso# maps {a-Jii + 02^2) © 1 to (ai,a 2 ) G H (-D 1; C^J © 
H°(_D 2 , Cd 2 )- We shall show that the cokernel of Res is isomorphic to k(0)/nk(0) by the 
homomorphism 



: Dl ©C>d 2 3 (ai,a 2 ) ^ («i|o + qa 2 \o) mod n G k(0)/nk(0). 

— ■> Dl © o D2 - 



The homomorphism is in the commutative diagram 

► Oy(-D 1 ) ®Oy(-D 2 ) ► M Q ® Z V 



-> 



(Z/nZ) 



X 



Oy/nO l 



-»■ k(0)/nk(0) 



-» 



of exact sequences, where X is the defining ideal of 0, and the homomorphisms <$' and <f>" 
are also induced by 

Oy © Oy 3 (ft, &) I y f3\ ~\~ qP 2 G Oy. 
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Here, 0' is surjective, since X = Oy(— D\) + 0(— D2) (cf. Remark 12.2. ip and since 
gcd(n, q) = 1. The kernel of (f)" is just the image of the natural homomorphism M ®% 
O v -y M © Oy. Thus, the image of Res: M © z CV ->> Dl © C Da is just the kernel of 
cf). In particular, Res is surjective if and only if p \ n. 

Assume that p \ n. Then, p \ q by gcd(n, q) = 1. Hence, the image of Res is also the 
kernel of 

Dl © D2 3 (ai, a 2 ) ^ ai| + « 2 |o e k(0). 

Thus, the image of Res is just 0£>, since we have a natural exact sequence — y Op — > 
Dl © Cd 2 k(0) 0. □ 

Proposition 2.11. LetY be a normal algebraic surface over an algebraically closed field k 
and let /j, : M Y be the minimal resolution of singularities. Assume that any connected 
component of the fi- exceptional locus E is a linear chain of rational curves. Then, the 
following hold: 

(1) The natural injection /i»9M/k(- log E) — y /i*@A//k is an isomorphism. 

(2) R>*6 A/ /k(-log£) = for alli> 0. 

(3) The direct image sheaf n*Q} M j^ is reflexive. In other words, (f2 y / k ) vv ~ ^*^M/ k - 

(4) The natural injection /4*©M/j£ ^ @y/k ^ not an isomorphism if and only if p \ n 
and q = n — 1. 

Proof. Since the assertions are etale local on Y, we may assume that Y is the toric 
surface V = T N (cr) by Theorem 12.61 Let D 1} D 2 , 0, v. U — y V, and G, be as before. 
Then, the minimal resolution M — > Y is just U — y V and E = G = Yl\=i We set 
G = X^=o^« = G + G + Gi + i. Since G and G are simple normal crossing divisors, we 
have a commutative diagram 

> e u/k (-\ogG) y Q u/k y ©£JO Gj (G0 > 

y e u/k (-\ogG) y Q u/k y 0< =i e> Gi (G;) y 

of exact sequences. The assertion ([!]) is derived from the bottom sequence by taking v*, 
since Vs. Gi {Gi) = H°(P 1 ,C(-6 i )) = for 1 < i < I. The commutative dia gram above 
induces an exact sequence 

(ii-io) e u/k (-iogd) -> ec /k (-iogG) -> o Go (g ) © c Gi+1 (G m ) o. 

Here, @u/k(— logG) ~ N© z (9fy, since G is the complement of the torus T N mU = T N (A). 
Now, R l vJD v = for i > 0, since V has only rational singularities (cf. Corollary 12.8.11) . 
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We have also R l v*Gg {Gq) = R l vJDq = for i > 0, since i/ induces isomor- 

phisms Go —> D 2 and Gi + i — > D\. Thus, the assertion (jSJ) is obtained by applying R* v* 
to the exact sequence (1H-I0p . 

For the assertion ([3]), we consider the commutative diagram 

vsi x vl% (bg 5) ^ eS^o Gj 



/3 

^ /k (lo gj D) Dl ®0 D2 

obtained by comparing the residue homomorphisms on V and U. Here, a is an iso- 
morphism, since VLy{\ogD) ~ M © z (9y and Q^(logG) ~ M © z C^. The map /3 is an 
isomorphism to © v^Oe - Thus, we have a homomorphism 

as the induced homomorphism between the kernels of the top and bottom homomor- 
phisms. Then, 7 is an isomorphism, since it is an isomorphism on V \ {0}, the source is 
reflexive, and the target is torsion free. Hence, we have flS]). 

It remains to prove (J4]). Let T be the image of Res: Q V / k ()og D) — > Qd x © @d 2 - Then, 
by flII-101) and by Lemma 12.91 we have a commutative diagram 

► Q v/k (-\ogD) ► v*e u/k (-\ogG) > Sxt l 0v (@ 2 i=1 Di ,O v ) > 



— ► e v/k (-\o g D) — ► e v/k — ► Ext l 0v {F,o v ) — ► 

of exact sequences, in which the bottom one is obtained from 

(n v/k r n v/k (\o g D) t 

by taking Sxf (•, Oy). Hence, if p \ n, then J 7 = Od 1 © C*d 2 by Lemma 12.101 and 
Qv/k — logG) by the commutative diagram above. Thus, we may assume that 

p I n. Then, by Lemma [2. 101 J 7 = On, and we obtain an exact sequence 

► 8x^^(0), Oy) -> Sxf 0v {0 Dl © Od 2 , Oy) 

Sxf 0v (0 D , Oy) -> ^^(k(0), CV) . . . . 
It is enough to determine when the cokernel of 

is not zero. By a standard argument, we see that the cokernel is isomorphic to that of 
the homomorphism Oy(Di) © Oy(D 2 ) — > Oy(D) induced from the natural inclusions 
O v {D x ) O v (D) and 0y(D 2 ) 0y(D). Now, H°(V, O v (D)) is generated by the 
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rational functions (p on V such that div(<^) + D > 0. Hence, H°(V, O v (D)) is generated 
by the following monomials x^x^ 2 as an H°(V, £V)-submodule of k[M] = H°(T N , O): 

• a\ and a 2 are integers with a\ + qa 2 = mod n. 

• a x > -1 and a 2 > -1 (cf. flIh2|) K 

Similarly, H°(V, CV(-Di)) + H°(V, Ov(D 2 )) is generated by the following monomials x^xJj 2 
as an H°(V, CV)-submodule of k[M]: 

• bi and b 2 are integers with b\ + qb 2 = mod n. 

• b\ > — 1 and 6 2 > — 1, but max{&i,6 2 } > 0. 

Therefore, the cokernel is not zero if and only if the monomial x^x^ 1 is contained in 
H°(V, O v (D)). This is just the case where q = n — 1. Thus (jlj) is proved, and we have 
finished the proof of Proposition 12.111 □ 

Remark 2.11.1. If the injection of the assertion fll]) is an isomorphism, then [i is an "equi- 
variant resolution of singularities" in the sense of Hironaka. Hence, for toric singularities 
of type (n, q = n— 1), equivariant resolutions do exist if and only if p \n (cf. [531 Theorem] 
and an example of characteristic two in [5J page 345]). 

Corollary 2.12. In the situation of Proposition |2~XT]. one has an isomorphism 

R 2 (M,Q M/k (-logE)) ^ H 2 (r,e y/k ). 
Proof. Since Qy/k is the double-dual of //*Ojvf/k(— log-E 1 ), there is an exact sequence 

o -> /i*e M/k (- \ogE) -> e Y / k -> ^ -> o 

for a coherent sheaf with dimSupp^ < 0, which induces an isomorphism 

t x : H 2 (F,^e A//k (-logE)) ~H 2 (F,0 y/k ). 

On the other hand, since R l /x*6Af/k( — log-E") = for alH > by Proposition 12. 111 (121). 
the Leray spectral sequence for \i induces an isomorphism 

i 2 : H 2 (X,^0 M/k (-lo gj E;)) ~ H 2 (M,e M/k (-lo gj E;)). 

Therefore, we obtain the claimed isomorphism as i\ o zj 1 . □ 

3. TORIC SINGULARITY OF CLASS T 

In this section, we introduce the notion of toric singularity of class T and study its 
properties. We first discuss some invariants arising from toric singularities of class T: The 
results here are already known in papers such as [51], [37], [26], [52], [38], [32], but we shall 
give a self-contained proof. Tables [T] and [2] obtained here are used in some calculations in 
Sections [6] and [7J Second, in Theorem 13.81 below, we shall construct a special smoothing 
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(deformation) of toric singularities of class T, which plays an important role in producing 
new surfaces. 

Definition 3.1. Let X be a normal algebraic surface defined over k and x a closed point. 
The germ (X, x) (in the etale topology) is said to be a "toric singularity of type (n, q)" 
if the formal completion of Ox,x is isomorphic to the formal completion of Oy,o for an 
affine toric surface V of type (n, q) (cf. Definition 12. 2p over k and the zero- dimensional 
orbit 0. 

Remark 3.1.1. Note that by j2j Corollary 2.6], the condition in Definition 13. II is equivalent 
to the existence of a common etale neighborhood of (X, x) and (V, 0). 

Remark 3.1.2. By Theorem 12.71 (X, x) is a toric singularity if and only if the exceptional 
locus of the minimal resolution is a linear chain of smooth rational curves. 

Definition 3.2. Let Tdna be the set of triples (d,n,a) of positive integers with n > a 
and gcd(n,a) = 1. A two-dimensional surface singularity is said to be of type T(d,n,a) 
for a triplet (d,n,a) G Tdna if it is a toric singularity of type (dn 2 ,dna — 1). The 
singularities of "class T" are the singularities of type T(d,n,a) for all (d,n,a) e 7dna 
(cf. [23 Proposition 3.10], [38, §4]). 

Remark 3.2.1. The definition of class T in [26] is different from ours. Our definition of 
class T corresponds to that of non-Gorenstein class T in [26] . 

Before going to the study of toric singularities of class T, we prepare some invariants 
arising from each element of 7dna- Let (d, n, a) be a triplet in Tdna- We can define 
positive integers /, bi, . . . , bi by the property that I > 1, 6j > 2 for all 1 < i < I, and 
dn 2 /{dna — 1) = [b\, . . . , b{\. Then, (bi, . . . ,bi) ^ (2, 2, ... , 2); for otherwise, dn 2 = dna 
contradicting n > a. By Lemma 12. 'S\ we can define also non-negative integers Pi and 
for < i < I + 1 by the following properties: 

• p = < pi = 1 < p 2 < ■ ■ ■ < Pi < Pi+i = dn 2 . 

• qo = dn 2 > q\ = dna — 1 > q 2 > ■ ■ ■ > qi = 1 > qi+i = 

• Pi-i + p i+1 = biPi and q^ x + q i+1 = b^ for all 1 < i < I. 

We set rj := (pi + qi)/(dn) for < i < I + 1. Then, r = r; + i = n and r\ = a. Moreover, 
we have: 

Lemma 3.3. (1) is a positive integer with 1 < rj < n for all 1 <i < I. 

(2) Ti = api = —aqi mod n for all 1 < i < I . 

(3) r\ = n — a, equivalently, p\ = dn{n — a) — 1. 
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Proof. The assertions ([I]) and (j2J) follow from the convexity rj_i + r.; + i = b^i and p.jgi = g^ 
mod (in 2 for 1 < i < I (cf. Lemma \2. 31 f[5"j)). The last assertion ([3]) is a consequence of the 
previous two assertions. □ 

Definition 3.4. For (d,n,a) £ 7dna, we define: 
B(d,n,a) := (&i, 6 2 , • • • , k), P(d,n,a) := (pi,p 2 , • • • ,Pi), Q{d,n,a) : = (q 1 ,q 2 , . . . ,qi), 
R(d,n,a):=(r 1 ,r 2 ,...,ri), C(d,n,a) := (ci,c 2 , . . . , q) where Cj^l-r^/n, 

6j — (2Z + 1), and l(d,n,a) := I. 

i=i 

The following characterization of toric singularities of class T is well-known: 

Lemma 3.5 ([371 Proposition 5.9]). Let (X,x) be a normal surface singularity such 
that the exceptional locus of the minimal resolution p,: M — > (X,x) of singularity is a 
linear chain of smooth rational curves. Then, the following two conditions are mutually 
equivalent: 

(1) A 2 is a negative integer for the effective Q-divisor A = fx*(Kx) — Km- 

(2) (X, x) is a toric surface singularity of class T. 

Moreover, if (X,x) is a singularity of type T(d,n,a), then A 2 = —5(d,n,a), and A = 
Y^i=i c iE-i f or the linear chain E\ + ■ ■ ■ + E\ of smooth rational curves and for C(d,n,a) = 
(ci, . . . ,q). 

Proof. By Theorem 12 .7\ we may assume that X is a toric surface V of type (n, q) for some 
positive integers n, q with n > q and gcd(n, q) = 1. Thus, we can use the description 
of the minimal resolution v. U — > V of the toric surface given in Section [21 Note that 
v*[K v + D x + D 2 ) =K V + ££J d ~ 0. Thus, we have 

A = v\K v ) -Kv = Gi - !/*(£>! + D a ) = (1 - ^*)G, 

for integers pi, qi in Lemma 12.31 by (1 1 1— 6 h in Remark 12.4.11 In particular, if (n, g) = 
((im 2 , dma— 1) for a triplet (d, m, a) £ 7dna, then we have A = Y^\=i c i^i f° r C(d, m, a) = 
(ci, . . . , c m ). On the other hand, 

Ad = -K u G l = 2 + G 2 i =2-b t 

for all 1 < i < I by adjunction, where n/g = . . . , bi\. Hence, 

and it is an integer if and only if 

Ei 
(Pi + ?i)(2 - h) = mod n. 
i=l 
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Since ft(pi, g*) = (pi-i, ft_i) + (p;+i,gi+i) (cf. Lemma E3J) , we have 

= Pi +Pz + ft + Ql ~ (Po + Pi+i + ft + qi+i) = q + q' + 2 - 2n, 

where < q' < n with qq' = 1 mod n (cf. Lemma [2.31( 131 ) ) . Thus, A 2 e Z if and only if 
g + g' + 2 = mod n. Since gcd(n, g) = 1, this condition is equivalent to 

(q + l) 2 = q 2 + 2q + 1 = q(q + 2 + q') = mod n. 

By considering the prime factorization, we see that this is also equivalent to either 

(i) n — q + 1, or 

(ii) n = dm 2 and q + 1 = cfma for some (d, m, a) e 7dna- 

In case (jij), (bi,...,bi) = (2,2, ... ,2) and A 2 = 0. In case ([n]), we have q + q' + 2 = dm 2 
by Lemma 13.31 ([3]) , and 

A 2 = V* (2-ft)--i-(g + g' + 2-2dm 2 ) = 2Z + l- V* b { = -5(d,m,a) < 0. 
't=i am 2 'i=i 

Thus, we are done. □ 

Corollary 3.5.1. Let X be a normal projective surface whose non-Gorenstein singular- 
ities are toric singularities of class T. Then, K\ is an integer. 

Lemma 3.6 (cf. [26], Proposition 3.11]). For a triplet (d,n,a) G 7dna ; either b\ > 3 or 
bi > 3 holds for B(d, n,a) = (pi, ... , bi). Assume that b\ > 3 and b\ > 3. Then, (d, n, a) = 
(1,2,1). Here, 5(1,2,1) = (4), 5(2,2,1) = (3,3), and B(l, 2, 1) = (3, 2, . . . , 2, 3) for 
I > 3. Moreover, for all 1 < i < I , 

( Pi , ft, r is ft) = (2i - 1, 2(Z - i) + 1, 1, 1/2). 

Proof. Assume first that I = 1. Then cira 2 = bi(dna — 1) and gcd(dn 2 ,dna — 1) = 1 
imply that dn 2 = b\ and cZraa = 2. Hence (d,n,a) = (1,2,1) and b\ = 4. In this case, 
(p 1 ,q 1 ,r 1 ,c 1 ) = (1,1,1,1/2). 

Thus, we may assume that I > 2. Since = dn(n — a) — 1 by Lemma [3 .3[ we have 

(III 1) n +^"< n + ^ d ^ + < n + ^ 

&i c?n — &i — 1 (in bi dn ~ bi — 1 c?n 

from < g 2 = &ift — go < ft an d < = bipi — pi + i < p\. In particular, 

1 1 2 < 

bi bi dn 2 ~ 

and hence, b\ > 3 or bi > 3 holds. Assume that 6i > 3 and bi > 3. Then, 
n 1 . 1.1 n 1 n 1 
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by (1III-lj) . Since n > 2 and a G Z, we have a = n/2. Thus, (n,a) = (2,1), since 
gcd(n, a) = 1. Therefore, q = pi + i = 4<i, qi = pi = 2d — 1, and hence, r = r [+1 = 2. For 
1 < i < I, we have r, = 1, since < < n = 2 by Lemma [3.31 f|T]). Thus, Cj = 1/2 and 
Pi + Qi = 2d for all 1 < i < I. As a consequence, 

_ 7j-i +r. t+1 _ J 2, ifl<i</; 

r * I 3, if z = 1 or i = i. 

The equalities (p;, q^) = (2i — 1, 2{d— + are shown by induction using p^i+p i+ i = biPi 
and + g i+ i = with the initial values pi — qi = 1 and p — <27+i = 0. □ 

If (d, n, a) G 7dna, then (<i, n,n — a), (d, 2n — a,n), (d,n + a, a) G 7dna- Thus, we have 
three maps i, ti, £r: 7e>na — > 7dna defined by 

i(d,n,a) = (d,n,n — a), t L (d,n,a) = (d,2n — a,n), t R (d,n,a) = (d,n + a, a). 

Thus, i is an involution, and = i o t R o i. Concerning these maps, we have: 

Lemma 3.7 (cf. [Ml (2.8.2)], [26, Proposition 3.11], [521 Lemma 3.4], [Ml Theorem 17], 
[32| Theorem 15]). Let (<i, n, a) be a triplet in Tdna with B(d, n, a) = (&i, &2 5 • - • , &/) and 
R(d, n,a) = (r 1; r 2 , . . . , rj) . TTien, t/ie following hold: 

B(d, 2n — a, n) = (2, &i , . . . , q_i, 6; + 1), 5(<i, 2n — a, n) = n, a) + 1, 

R(d, 2n — a, n) = (n = r x + r h r 1; . . . , rj), 2n — a, n) = Z(d, n, a) + 1, 

B(d, n + a, a) = (&i + 1, 6 2) ■ ■ ■ > °u 2), 8(d, n + a, a) = n, a) + 1, 

i?((i, n + a, a) = (n, . . . , n, n — r% + ri), l(d, n + a, a) = Z(d, a) + 1. 

Proof. We set 

P(d,n,a) = (p ± , . . . ,pi), Q(d,n,a) = (q 1} . . . ,qi), and C(d, n, a) = (ci, . . . , q). 

Concerning the map i: (d, n, a) i— )■ (d, n,n — a), we have 

£>(d, n,n — a) = (ty, . . . , &x), 8(d, n,n — a) = S(d, n, a), 

P(d,n,n- a) = {jpi,pi-\, ■ ■ ■ ,Pi), Q(d,n,n- a) = (qi,qi-i, . . . ,qi), 

R(d, n, n - a) = {r h r f _i, ...,r 1 ), C(d, n,n-a) = (q, q_i, . . . , c x ), 

by pi = dn(n — a) — 1 (cf. Lemma 13.31 (13])). Hence, the equalities for ti(d,n,a) = 
(d,2n — a,n) are derived from those for t R (d,n,a) = (d,n + a, a) by ti = i o t R o i. 
Thus, it is enough to prove the equalities for (d, n + a, a). We set 

(Pt» 9o) := (°> + a f) and % +2 ) : = ( d ( n + a ) 2 ; 0), 



25 



(d, n, a) 


5 


/ 


Al &2 ■■• &A 

\r\ r 2 ■■■ rij 




(1,2,1) 


1 


1 


C) 


(A;, 2,1) 


1 




/3 2 ■■• 2 3 N 
\1 1 ■■• 1 l y 


) 


(l,m,l) 


m — 1 


m — 1 


/m + 2 2 2 •• 
\ 1 2 3 - 


• m — 11 


(1, 2m — 1, m) 


m 


m 


/ 2 m + 2 2 • 
^m 1 2 • 


••2 3 \ 
• • m — 2 m — 1 J 


(k,m,l) 


m — 1 


m + A; — 1 


fm+1 2 • ■ ■ 
\ 1 1 ••• 


2 3 2 2 ■■• 2 \ 
1 1 2 3 ••■ m-iy 


(1, 3m — 1, m) 


m + 1 


m + 1 


/ 3 m + 2 2 • 
\m 1 2 ■ 


••2 3 2 \ 
■ • m — 2 m — 1 2m — ly 



(Here, k > 2 and m > 3) 



Table 1. Invariants related to singularities of class T, Part I 



and for 1 < i < I + 1, we set 



(III-2) 



c?n(n + a) — 1 1 

— 1 dn(ri + a) + 1 



Then, and g 4 ' are positive integers by Lemma I3T31 (121 . and we have 

(&i + l)(pi,gi), for z = l, 

(Pi-i. + (Ph-i> = <( 6i(Pi, gD> for 2 < i < /, 

k 2(p( +1 ,g,' +1 ), fori = Z + l, 

for all 1 < % < I + 1. Moreover, = c?a(n + a) — 1 by ( 1III-2j) . Therefore, -B(d, n + a, a) = 
(&i + l,& 2 , . . .,6j,2), P(d,n+a,a) = (pi,^, . . . ,pj +1 ), and Q(d, n+a, a) = . - - , g/'+i)- 

In particular, 

Ei 
bi - (2(1 + 1) + 1) = 5(d, n + a, a) + 1. 
i=i 

By flITh2|) . we have 

Pj + gj _ <Mw + a)(pi + ^) _ pj + gj _ 
d(n + a) d(n + a) • dn 2 dn 

for all 1 < i < I + 1. Hence, R(d,n + a, a) = (ri, . . . ,n,n = ri + r/). Thus, we are 
done. □ 
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(d, n, a) 


5 


I 


fbi b 2 ■■■ bA 
\n r 2 ■■■ nj 


(1,11,3) 


5 


5 


A 5 3 2 2\ 
\3 1 2 5 8J 


(1,19,5) 


7 


7 


U 7 2 2 3 2 2\ 
\5 1 2 3 4 9 14/ 


(1,19,13) 


8 


8 


f 2 292222 4\ 
\13 7 1 2 3 4 5 6/ 


(3,23,4) 


8 


10 


(ft 523232 2 2 2\ 
\4 1 1 1 2 3 7 11 15 19/ 


(1,25,17) 


10 


10 


/ 2 2 11 222222 4\ 
\17 9 1 2 3 4 5 6 7 8/ 


(1,35,6) 


10 


10 


(& 8 2 2 2 3 2 2 2 2\ 
\6 1 2 3 4 5 11 17 23 29/ 


(1,63,34) 


11 


11 


Z27722322 2 2 3 \ 
I 34 5 1 2 3 4 9 14 19 24 29 / 


(1,252,145) 


13 


13 


(2 4626242 2 2 3 2 3 \ 
\ 145 38 7 4 1 2 3 10 17 24 31 69 107 / 



Table 2. Invariants related to singularities of class T, Part II 



Corollary 3.7.1 (cf. [SH Proposition 3.11], [Ml Theorem 17], [321 Proposition 20]). Any 

element (d,n,a) o/7dna is obtained from (d, 2, 1) 6?/ a successive compositions of maps 
ti and tR. The number of the compositions equals 6(d,n,a) — 1 = l(d,n,a) — d. In 
particular, Yl\=i h — 31 + 2 — d. 

Proof. If bt > 3 and k > 3, then (d, n, a) = (d, 2, 1), l(d, 2, 1) = d, and 8(d, 2, 1) = 1 by 
Lemma [3.61 If bi = 2, then b\ > 3 by Lemma |3.6[ and (d,n,a) = ti(d,a,n — 2a) with 
l(d, n, a) = l(d, a,n — 2a) + 1 and S(d, n, a) = S(d, a,n — 2a) + 1 by Lemma l3~71 Similarly, 
if b\ = 2, then b\ > 3, and (d, n, a) = tn(d, n — a, a) with l(d, n, a) = l(d, n — a, a) + 1 and 
S(d, n, a) = S(d, n — a, a) + 1. Hence, we are done by induction on l(d, n,a). □ 

In Tables [1] and [21 we list S = 5(d,n,a), I = l(d,n,a), B(d,n,a), and R(d,n,a) for 
typical elements (d,n,a) G Tdna, some of which are used later. For the numbers q, we 
have: 
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Corollary 3.7.2 (cf. |32j Corollary 17]). Let (d, n, a) be a triplet in 7dna with B(d, n, a) = 
. . . , bi), R(d, n,a) = (r±, . . . ,r{), and C(d, n,a) = (ci, . . . , q). If Ci < 1/2 (or equiva- 
lently, Tijn > 1/2) for some i and if n > 2, then either bj = 2 for all j < i or b^ = 2 for 
all k < i. 

Proof. Assume the contrary. Then, bj > 3 and b^ > 3 for some j < i < k. By Lemma 
we have b\ = 2 or b\ = 2. Thus, we may assume that b± > 3 and b\ = 2. In particular, we 
may put j '• = 1. Then, (d, n, a) = tu(d, n — a, a), and 

B(d, n — a, a) = {pi — 1, 6 2 , . . . , fy-i) and R(d, n — a, a) = (r 1; r 2 , . . . , r^_i) 

by Lemma 13. 7[ In particular, 

c ■ = 1 - r-/(n - a) < 1 - rj/n = Q < 1/2, 

where C(d,n — a, a) = (c[, . . . , c^). Hence, in order to derive a contradiction, we may 
assume that k = I — 1. 

If 6i — 1 > 3, then n — a = 2 and = 1 by Lemma 13. 6t this is a contradiction, since 
Tijn < 1/3. Thus, 6i = 3 and (d, n — a, a) = ti{d, a, 3a — n) by Lemma I3TT1 In particular, 
2a < n < 3a. Moreover, 

B(d, a, 3a — n) = (6 2 , . . . , &z_2, fej-i — 1) and i?(d, a, 3a — n) = (r 2 , . . . , rj_i). 

Thus, Ti < a by Lemma [3.31 applied to (d, a, 3a — ra), and hence, ri/n < a/n < 1/2; this 
is a contradiction. □ 

Finally in Section [31 we shall prove: 

Theorem 3.8. Let A be a complete discrete valuation ring or a field. Let V be a toric 
A-scheme of type (dn 2 ,dna — l) (cf. Definition ^. 21) for some positive integers d, n, a with 
n > a and gcd(n, a) = 1. Then, there exist a flat family V — >■ T of normal affine surfaces 
over an open subset T of the affine line K\ and a section a : Spec A — > T satisfying the 
following conditions: 

(1) V x Tj(T SpecA ~ V. 

(2) V — > T is smooth over T \ cr(Spec A) . 

(3) V is normal, and rKy is Cartier with Oy{rKy)\v — Oy(rKy) for any integer r 
divisible by n. 

Remark 3.8.1. Our idea of the proof of Theorem 13.81 is taken from the proof of [101 
Proposition 4.19], which treats a special case. However, the proof of Proposition 4.19 
contains an error when p | n. The error is corrected by the present proof. 
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Remark 3.8.2. Roughly speaking, when A is a field, Theorem 13.81 asserts that a toric 
singularity of class T has a "Q-Gorenstein smoothing" (cf. [26J). The proof of Theorem 13 .81 
is essentially the same as in the proof of [261 Proposition 3.10] when A is a field of 
characteristic zero. 

We recall the construction of V in Section HJ We have a free abelian group N = 
Zej + Ze 2 with the base (ei,e2) and the cone cr = Cone(ei,e2) C N <8> K such that 
V = Tm(<t) for a free abelian group N = N + Zv defined by the vector 

1 



-(ei + (rfna - l)e 2 ). 



(in 2 

Let M and M be the dual abelian groups of N and N , respectively. Then, Rq = A[cr v nM ] 
is a polynomial A-algebra generated by two- variables xi, x 2 which correspond to the 
dual basis of (ei,e 2 ). In particular, V = T No (cr) ~ A\. The affine coordinate ring 
R := H°(V, Oy) = A[cr v n M] is a A-subalgebra of A[xi, x 2 ] generated by the monomials 
x^x^ 2 satisfying k\ + (dna — l)k 2 = mod dn 2 . 
In this situation, we define a subgroup Ni of N by 

Ni := N + Znv = N + Z-*-(ei + (dn - l)e 2 ). 

dn 

Then, we have a toric A-scheme V\ = (cr), and finite surjective morphisms r : Vq — >■ Vi 
and r : Vi — )■ V associated with the inclusions No C Ni and Ni C N. The affine coordinate 
ring Ri := H°(Vi,Cy 1 ) = A[cr v PI Mi], where Mi is the dual abelian group of Ni, is a 
A-subalgebra of A[xi,x 2 ] generated by three monomials xf 1 , x^™, xix 2 . Thus, 

i?i~A[ui,u 2 ,z]/(uiU 2 -z dn ) 

for three variables ui, u 2 , z, where the isomorphism above is defined by ui = xf n , u 2 = xf 1 , 
and z = xix 2 . Since n is the index of N/Ni, the group subscheme n n = Ker(T Nl — > T N ) of 
Tnj acts on V\ and its quotient scheme is just V. Here, the action of /x n on V\ = Specif 
is given by 

(III-3) (ui, u 2 , z) ^ (ui ® t, u 2 (8) t _1 , z <g> t a ), 

where /x n is regarded as Spec A[t, t _1 ]/(t n — 1). The action of [i n on V\ is induced from 
that on Spec A[ui, u 2 , z] given by flIII-3j) . Then, the ^-invariant part R~ of A[ui,u 2 ,z] 



is generated by monomials u^™ 1 u™ 2 z" 13 such that m, > for all 1 < z < 3 and m\ — m 2 + 
am 3 = mod n. We see that Speci?~ is isomorphic to Tn~(<t~) for the affine toric A- 
scheme Tn~ (<t~) of relative dimension three defined as follows: Let be a free abelian 
group ®^ = i Ze^ of rank three and let cr" be the cone ^^=i^>o e r- The abelian group 
N~ is a subgroup of <g> Q defined by 

|\T := N^ + Z -(e^ - e~ + ae~ ). 
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Then, V = Speci? is a hypersurface (or a Cartier divisor) of V~ := Speci?~ defined by 
the principal ideal (111U2 — z dn ). 

Lemma 3.9. The smallest integer r such ihatrKy (resp. rKy~) is Cartier, is n. Thus, 
n is equal to the Gorenstein index ofV (resp. V~). 

Proof. Let (ki, fe, k 3 ) be an integral vector such that k\ — k 2 + ak 3 = mod n. Then, the 
principal divisor associated to the monomial u^u^z* 3 on V is expressed as 

div(u^u^ 2 z fc3 )y = (hdn + h)D 1 + (k 2 dn + k 3 )D 2 



by flll-6j) in Remark 12.4.11 Note that D := D\ + D 2 ~ —Ky. Hence, n is the Gorenstein 



index of V. In fact, nD = div(z n ) is Cartier, and if jD is an Cartier divisor for an integer 
j, then j = k\dn + k 3 = k 2 dn + k 3 for some integral vector {k\, fe, k 3 ) above; hence k\ = k 2 
and j = k 3 = mod n. 

For 1 < i < 3, let be the T|\|~-invariant divisor on V~ corresponding to the ray 
M>oe~. Since gcd(n, a) = 1, we see that 

R> e~ n N~ = Z> e~ 

for 1 < % < 3. Then, we have the following equality similar to flll-6j) : 



div(u^u^z fc3 ) y ~ = hD~ + k 2 D 2 + k 3 D~ . 

Here, we know also D~ := Y^=i D~ ~ — Kv~ and that nD~ is Cartier for all i. Suppose 
that jD~ is Cartier for an integer j. Then, j = k\ = k 2 = k 3 for an integral vector 
(ki,k 2 ,k 3 ) such that k\ — k 2 + ak 3 = mod n; hence j = mod n. Therefore, the 
Gorenstein index of V" is also n. □ 

Remark 3.9.1. V and V~ are Q-factorial, since the cones cr and cr~ are simplicial. 

Remark 3.9.2. It is well-known in characteristic zero that the singularity on V~ is a 
cyclic quotient terminal singularity of type ^(1, —I, a) (cf. (13 §3], [SI (4.13)], [HI (5.1), 
(5.2)]). Even in the positive characteristic case, the singularity is "terminal" in the sense 
that there is a resolution /x~ : M~ — > V~ of singularity such that 

K M - = H~*{Kv~) + J2 a i E r 

for /^-exceptional prime divisors E~ and positive rational numbers a^. In fact, a toric 
resolution of V~ is taken independently of the characteristic, and the discrepancy is 
also independent of the characteristic. 



Remark 3.9.3. If X is a Q-Gorenstein normal algebraic A-scheme and if Y is a normal 
Cartier divisor of X, then r(Kx + Y)\y ~ rKy for the Gorenstein index r of X. Indeed, 
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the left hand side is Cartier and is linearly equivalent to the right hand side on the 
non-singular locus of Y. In particular, Y is also Q-Gorenstein and r is divisible by the Q- 
Gorenstein index of Y. Applying this to Lemma |3.9[ we see that the restriction nKy~\ v 
is linearly equivalent to nKy. 

Proof of Theorem 13.81 We consider an algebra 

R\ := A[ui, u 2 , z, s]/(z dn - u lU2 - s(z n + 1)) 

over the polynomial ring A[s] of one variable. This is flat over A[s], since it is Cohen- 
Macaulay and every fiber of Speci? 1 } — >■ Spec A [s] is equidimensional. We consider the 
/x n -action on Spec R\ given by 

(ui, u 2 , z, s) (tu x , t _1 u 2 , t a z, s), 

where /-i n = Spec A[t, t _1 ]/(t n — 1). Let R* be the /x n -invariant subring, which is the 
A[s]-submodule generated by monomials u^u^z^ 3 with k\ — fc 2 + ak 3 = mod n. We 
set V" := Speci?", S := SpecAfs] = A\, and let a: Spec A — » S be the section defined 
by A[s] — > A[s]/ (s) ~ A. Then, x Spec A ~ V. Since R* is the ^-invariant ring of 
R\, which is a direct summand of R\, we see that is normal and — > S is flat. On 
the other hand, the affine scheme V* is isomorphic to the hypersurface of V~ x Spec7 v S 
defined by z dn — uiu 2 — s(z n + 1) = 0. By Lemma 13. 9[ V~ Xg pec A S is Q-Gorenstein 
with index n. Hence, V* is also Q-Gorenstein with index r dividing n, since V" is normal 
(cf. Remark I3.9.3[) . Here, r = n by Lemma I3.9[ since V is also a hypersurface of VK 
Consequently, we have O v t{nK v t)\ v ~ Oy(nKy) (cf. Remark [3.9.3|) . 

We shall study the singularity of fibers of V" — > S outside the section cr(Spec A) defined 
by s = 0. Let Rr(l) be the affine coordinate ring of the affine open subset {ui / 0, s ^ 0} 
of Speci?". Then, -R"(l) is isomorphic to 

A[yf, y 2 , y 3 , s ±1 ]/(y 3 dn yf - y 2 - s(y£y? + 1)) * A[yf, y 3 , s* 1 ] 

by the correspondence (yi,y 2 ,y3) = (u™, uxu 2 , zu]" a ). Thus, -R"(l) is smooth over A[s ±1 ]. 
Similarly, the affine coordinate ring R$(2) of {u 2 ^ 0, s ^ 0} is smooth over A[s ±1 ], since 
it is isomorphic to 

A[yi, y^ 1 , y 3 , s ±1 ]/(yf Y2 ad - yi - s( Y ^ a + 1)) * Hit 1 , ys, ^ 

by the correspondence (yi,y2,ys) = (uiu 2 , u 2 , zu 2 ). 

The affine coordinate ring R* (3) of {z ^ 0, s ^ 0} is isomorphic to 

A[yi, y 2 , yf , s ±1 ]/(y^ - yiy 2 - s(y 3 + 1)) 

by the correspondence (yi,y 2 ,y3) = (uxz - "', u 2 z a ', z n ), where < a' < n with aa' = 1 
mod n. Let p be the characteristic of the residue field of A. If p | d or p \ d— 1, then i?"(3) 
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is smooth over A[s ±:L ] by the Jacobian criterion. If p \ d and p \ d — 1, then R*(3) is smooth 
over A[s ±:L , (s — c) _1 ] for c = d d /(d — l) 01-1 by the Jacobian criterion. Thus, the open 
subset T := SpecA[s, (s - cp 1 ] of S = A A , a: Spec A -> T C S, and V := V s x s T -»■ T 
satisfy all the conditions of Theorem 13.81 □ 



4. Review of deformation theory 
We review the deformation theory of k-schemes for the fixed algebraically closed field 

k. 

Definition 4.1. Let X be a k-scheme. Let T be a scheme and let o be a k-rational 
point of T, which is just a morphism o: Speck — > T. A deformation of X over T with 
the reference point o is a pair (Y/T, l) of a flat morphism Y — > T of schemes and an 
isomorphism l: Y x To Speck ~ X over Speck. 

In this section, we fix a Noetherian local ring A which is either k or a complete discrete 
valuation ring with residue field k. For example, the ring of Witt vectors of k is a 
candidate of A. 

We recall some important notions mainly from Schlessinger's article [49]. Let Ca be 
the category of Artinian local A-algebras with residue field k and let Ca be the category 
of complete Noetherian local A-algebras 91 = (9^,1%}) such that D^/m^ G Ca for all 
n. An object 9\ of Ca defines a functor h^: Ca —> (Sets) to the category of sets by 
h<^{A) = Hom^ A) . For two functors F, G: Ca —> (Sets), a morphism 0: F — > G 
means a natural transformation of functors. The morphism 0: F — > G is called smooth 
(in the sense of Schlessinger [1H1 (2.2)]) if the natural map F(B) — > F(A) x^) G(B) is 
surjective for any surjection B — > A in Ca- 

The deformation functor Defx : Ca — > (Sets) of a k-scheme X is defined as follows. An 
infinitesimal deformation of X to an algebra A of Ca is a deformation (Xa, l) of X over 
Spec A with as a k-rational reference point . Here, Xa is a flat A-scheme and i is an 
isomorphism X4 x SpcCj 4 Speck ~ X. Another deformation (X' A , l') of X is isomorphic 
to (Xa, l) if there is a morphism <p: Xa — >■ X^ over Spec A such that 1! = <\> o 1. Note 
that this morphism is indeed an isomorphism over Spec A, since and X^ are both 
homeomorphic to X and since induces the identity on X. We define Defx{A) to be the 
set of isomorphism classes of deformations of X to A. Then, Defx gives rise to a functor 
Ca (Sets), which is called the deformation functor of X. When X is an affine scheme 
Speci?, we write Defjj for Defx- 
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Definition 4.2 (Pro-couple, formal deformation, and hull). Let 9^ be an object of C\ 
and set £ft n := £H/m^ +1 for n > 0. Let £ be an element of 

EteR(9t) :=hjn n Defx(^ n ). 

Note that to give an element of Defx(9V) is equivalent to giving a morphism h<^ — > Defx 
of functors. In [49J, the pair £) is called a pro-couple. For each n, the element £ 
defines a flat 9^ n -scheme X n with an isomorphism t n : X n x Sp0C 9i n Speck ~ X. Moreover, 
(X n ,L n ) form an inductive system. Thus, we have a formal scheme X = X^ : = limX n 
flat over the affine formal scheme Spf 91 with an isomorphism i\ X Xg p f ^ Speck ~ X (cf. 
[EGA} I, Proposition (10.6.3)]). The pair (X/ Spf t) or the system (X n , 6 n )„>o is called 
a formal deformation of X over 91 (or over Spf 

Remark 4.2.1. In the definition above, if X is an algebraic k-scheme, i.e., a k-scheme of 
finite type, then X is Noetherian and X — > Spf 9^ is a morphism of finite type by [EGAl 
I, Corollaire (10.6.4), Proposition (10.13.1), Definition (10.13.3)]. If X is proper over k, 
then X -»■ Spf 91 is proper (cf. [EGX1 III, (3.4.1)]). 

Definition 4.3. Let £) be a pro-couple of Defx and let X — > Spf 9^ be the formal 
deformation of X associated to (5K, £). 

(1) The pro-couple (or the formal deformation) is said to be effective if there is a 
flat 9Vscheme X such that is a deformation of X over Spec 9^ and that (JK, £) 
is induced from the inductive system A^, = ^ x Sp0C 9} Spec9 : l„; equivalently the 
m<H-adic completion of is isomorphic to X as a formal scheme over Spf 91 

(2) The pro-couple (or the formal deformation) is said to be algebraizable if there is 
a deformation Y — > T of X with a k-rational reference point o G T such that 

• T is a scheme of finite type over A, 

• the completion of the local ring Ot,o is isomorphic to D\, and 

• the formal completion of Y along the fiber X is isomorphic to X over Spf 91 

(3) The pro-couple (9t, £) is called a pro-representable hull (or a /raZZ, for short) of 
Defx if the morphism /i^ — > Defx corresponding to £ is smooth and induces the 
bijection 

*W := fc* (k[^]/(^)) -> *(Def x ) := Def x (k[ £ ]/( £ 2 )) 
between the tangent spaces (cf. [HJ Definition 2.7]). 

Remark 4.3.1. The hull is unique up to non-canonical isomorphism (cf. [IH1 Proposi- 
tion 2.9]). The existence of hull of Defx is known in the cases when X is proper over k 
and when X is affine with only isolated singularities (cf. [49} Proposition 3.10]). 
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Remark 4.3.2. Let X be a projective k-scheme and let X — > Spf d\ be the formal deforma- 
tion associated with a pro-representable hull (D\, £) of Defx- If -£ admits a relatively ample 
invertible sheaf over Spf D\, then this is effective by a projective morphism X — > Spec D\, 
by an application [EGA] III, Theoreme (5.4.5)] of Grothendieck's existence theorem, i.e., 
X is the rrifR-adic completion of X. Moreover, this is algebraizable by Artin's result [3J 
Theorem 1.6]. 

Remark 4.3.3. Let X be an equidimensional affine algebraic k-scheme with only isolated 
singularities. Then, the pro-representable hull of Defx is effective by [T4"| Chapitre IV, 
Theoreme 7] and is algebraizable by [3J Theorem 1.6]. 

Lemma 4.4. // X is an affine algebraic k-scheme with a unique singular point x and 
if (X',x') is an etale neighborhood of (X,x), then there is a smooth morphism Defx — > 
Defo x , i of functors on C\ inducing an isomorphism between the tangent spaces. 

Proof. We have a morphism Defx — > Defo x , , by |EGA} IV, Theoreme (18.1.2)]. The 
smoothness and the isomorphism between the tangent spaces are derived from [4*8| The- 
orem 4.10. (b)]. □ 

Remark 4.4.1. If (X, x) is non-singular, then Defo x X {A) consists of one element for any 
A G C\. In other words, the canonical morphism Def^ — > h^ of functors is an isomor- 
phism. This follows for example from |EGA1 IV, Proposition (18.1.1)] and the formal 
smoothness (cf. [EG&1 IV, Definition (17.1.1)]) of Spec O x , x -> Speck. 

Lemma 4.4.2. Let (X, x) and (X', x') be as in Lemma WM, Let Y — ?■ T be a deformation 
of Spec Ox,x over a scheme T which is with a k-rational reference point o G T such that Y 
is an affine scheme of a local ring. Then, there exist a deformation Y' — > T of Spec Ox\x' 
over T with reference point o and a formally etale morphism Y' — > Y over T inducing 
SpecOx', x ' Spec Ox, x as a morphism between the fibers over o. 

Proof. This follows from |EGA} IV, Proposition (18.1.1)], since Ox,x and Ox>,x' are es- 
sentially of finite type over k. □ 

Definition 4.5. Let X be an algebraic k-scheme and P a k-rational point. We write 
Def(x,p) := Defe> xp . When X is non-singular outside a finite set (i.e., has only isolated 
singularities), we define a functor Def^°°' ) on C\ by 

Defr»(^):=n w DeWX) 
for A G Ca, where SingX stands for the singular locus. 
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Remark 4.5.1. There is a natural morphism Defx — > Def(x,p) of functors for any Ik- 
rational point P G A which sends (Xa, l) G Defx(^4) to the pair consisting of the local 
A- algebra Ox A ,i{p) and the isomorphism Ox,p — Ox A ,dp) ®a k induced by t. As a 
consequence, we have a natural morphism Defx — > Def^° c ^ of functors when X has only 
isolated singularities. 

We shall give a proof of the following well-known: 

Theorem 4.6 ([551 Proposition 6.4]). Let X be an algebraic k-scheme with only iso- 
lated singularities. Assume that H 2 (X, Qx/k) — 0, where Qx/k denotes the tangent sheaf 
l-Lom 0x {Vt x i k ,Ox)- Then, the morphism Defx — > Def x °°^ of functors is smooth. 

Proof. Let B — > A be a surjection in C\ with the kernel I satisfying Ivcib = 0. It suffices 
to prove that 

(IV-1) Beix(B) -> De£ x (A) x Drf {A) Def x oc) (5) 

is surjective. An element of the right-hand side of fllV-lj) consists of 



• a flat A-scheme Xa with an isomorphism la'- Xa x s pec a Speck ~ X, and 

(p) (p) (p) 

• flat 5-algebras S B for any P G Sing A with isomorphisms i B : S B (gi^k ~ Ox,p, 

— (p) 

where, for any P G Sing A, we can find an isomorphism \l/p: Ox A ,p S B ®b A such 
that the composite 

Ox A ,p ^ S B P) ®b A O x ,p 

is the homomorphism induced by la- 

We apply the obstruction theory of infinitesimal deformations using the cotangent 
complexes (cf. [20], [34J): Let L^/y be the cotangent complex (as an object of the derived 
category D~ (Coh(Z))) for a morphism Z — > Y of schemes. For a coherent sheaf J 7 on Z, 
we denote the associated cohomology groups/sheaves by 

T(Z/Y,F) = ExV(h z/Yl F) = H l (RHom 0z (L z/y ,^)), 

T\Z/Y,F) = m^(L z/Y ,T) = WiKUomo^z/Y,?)) 

for % > 0. When Y is the affine scheme Spec A, we write "/A" instead of "/ SpecA". If 
Z is also affine in addition, then Z is replaced with the coordinate ring. We recall a few 
properties on T(Z/Y,F) and T\Z/Y,F). 

(i) T°(Z/Y,F) ~ Hom 0z {yi 1 z/Y ,J z ) (cf. [20, Chapitre II, (1.2.7.4) and Corollaire 
1.2.4.3]). 

(ii) If Z -»■ Y is smooth, then T*(Z/Y, J 7 ) = T l {Z/Y, J*) = for alii > (cf. 
Chapitre III, Proposition 3.1.2]). 
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(iii) If Z — > Y is the base change of a flat morphism Z\ — > Y\ by an affine morphism 
Y Yx, then T*(Z/Y, J 7 ) ~ T l (Zi/Yi, m*.F) for the induced affine morphism 
w: Z Z-y (cf. [34, 2.3.2], [20, Chapitre II, Corollaire 2.3.11]). 

We want to find a _B-scheme Xp, whose structure sheaf Ox B is sitting inside a com- 
mutative diagram 

o ► io Xa ► o Xb ► o Xa ► 

y I > B > A > 

of algebra extensions, where the top exact sequence means that the ideal sheaf of Xa in 
Xb is square zero and is isomorphic to IOx A as an C^-module, and where the vertical 
arrows are natural homomorphisms for the A-scheme Xa and the .B-scheme Xb- Note 
that IOx A — I ®k Ox, since imp = 0. We write IO x '■— I <S>k Ox- The obstruction class 
ob(X J 4) for the existence of X B lies in the cohomology group T 2 (Xa/A, IO Xa ) (cf. [2"IH 
Chapitre III, Theorem 2.1.7. (i)]) which is isomorphic to T 2 (X/k, IOx) by (!m|) above. We 
consider the spectral sequence 

E™ = FP(X, T q (X/k, IOx)) E p+q = T p+q (X/k, IO x ). 

Then, El'° = by H 2 (X, 9 x /k) = 0, since T°(X/k, I£> x ) = B x /k Ok / by ©. Moreover, 
£ 2 M = 0, since SingX is finite and since T^X/k, IO x ) = T^X/k, 0x-)® k I is supported 
on SingX by OH]). In particular, 

T\X/k, IOx) = E 1 ^ E / = JT T x (C» x ,p/k, JO^p) 

is surjective, and 

T 2 (X/k, IOx) = E 2 ^ E / = TT T 2 (0 XiP /k, 

- 1 - -*-_PGbmg X 

is injective. The class ob(X^) lies in the kernel of E 2 — >• -E^' 2 ; since possesses a 

lifting S B P ^ to -B. Thus, ob(X^) = 0. As a consequence, we have a flat I?-scheme Xp 

with an isomorphism Lb/a'- X b x Spec p. Spec A ~ Xa over A. In other words, we have an 

element (Xp,tp) of Defx(-B) which is mapped to (Xa,i>a) £ Def x (A). However, Ox B ,p 

(p) (p) 

may not be isomorphic to S B as a lift of S A to 5. But, by a usual obstruction theory of 
deformations, the difference of two lifts lies in T l {S A P) /A, IO x ,p) ^ T\O x ,p/k, IO x ,p) 
(cf. (201 Chapitre III, Theorem 2. 1.7. (ii)]) - Since E 1 — » i*^' 1 * s surjective, we can replace 
the lift Xp by another one so that Ox B ,p is isomorphic to S B for any P e SingX. Thus, 
(Xp,tp) is mapped to the given element of the right-hand side of flIV-ip . Therefore, 
(HV-lj) is surjective. □ 
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Finally in Section HJ we shall give the following result on algebraization related to 
Theorem 14.61 Roughly speaking, the result says that under suitable conditions, any 
given local algebraic deformations of isolated singularities extend to a global algebraic 
deformation. 

Theorem 4.7 (algebraization). Let X be a normal projective variety defined over an 
algebraically closed field k with only isolated singularities. Assume that 

(i) H 2 (x,e x/k ) = o, 

(ii) the formal deformation X — > Spf £ft associated with a pro-representable hull of 
Defx is projective, i.e., X admits a relatively ample invertible sheaf over Spf 9^. 

Let T be an algebraic A- scheme and let o G T be a k-rational point. For every singular 
point P G X, assume that we are given an affine Stale neighborhood (£7(p),P') of P in 
X with a unique singular point and given a deformation U.(p) — > T ofU(p) with reference 
point o. Then, there exist 

• an Stale neighborhood (T',o') of(T,o), and 

• a projective morphism Z — >■ T' which is a deformation of X with reference point 
d 

such that, for any singular point P, (Z,P) and {U<p),P') have a common Stale neighbor- 
hood, i.e., the formal completions of the local rings Oz,p and Ou {P) ,p' are isomorphic to 
each other ([2J Corollary (2.6)]). 

Proof. By Remark 14.3.31 and by Lemma I4.4[ for any point P G SingX, there exists 
an algebraic deformation Wm) — » T(p) of an affine open neighborhood of P over an 
algebraic A-scheme Tip\ such that the formal completion of the fiber induces a hull of the 
deformation functor Def(x,p)- By replacing (T, o) with an etale neighborhood (T f , o'), we 
have a morphism ^(P) : T — > T( P ) such that the deformations — > T and W^p) x t (p) T 
are equivalent to each other in the sense of jH Example (4.5)] by the versality there. In 
particular, (W(p),P') and (W(p) x t (p) T,P) have a common etale neighborhood. 

By the assumption flu]) and by Remark I4.3.2[ there exist an algebraic A-scheme S with 
a k-rational point b and a flat projective morphism W — > S such that 

• W — > S is a deformation of X with the reference point b, 

• the completion of Os,b is isomorphic to and 

• X is isomorphic over Spf d\ to the formal completion of W along the fiber over b. 

Since Spec Ow,p is a deformation of Spec Ox,p over S for any P G SingX, after replacing 
(S, b) with an etale neighborhood, we have a morphism 0rp) : S — > Tip\ such that (W, P) 
and {W(p) x T(p) S,P) have a common etale neighborhood as in [U Example (4.5)]. 
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Let 0: S — > ripesingx ^V) ^ e the morphism defined by {4>(p)}- Then, is smooth 
at b by Theorem 14.61 Hence, we may assume that <fi is smooth by replacing S with an 
open neighborhood of b. Let <p: T — > YlpeSmgX^iP) ^ e the morphism defined by {<£>(p)}. 
Since <ft is smooth, after replacing (T, o) with an etale neighborhood, we have a morphism 
ip: T — )■ S such that ip{°) = b an d <fi = <p ° ip- Then, the base change Z = W x$ T — >■ T 
satisfies the expected conditions. □ 

Remark 4.7.1. The assumption (Jn|) above is satisfied if H 2 (X, Ox) = (cf. [SGAll 
Exp. Ill, Proposition 7.2]). 

5. Deformations of certain projective surfaces with toric singularities 

of class T 

We shall construct some algebraic deformations of a projective normal surface X with 
toric singularities of class T under extra assumptions. We treat in Theorem 15.21 only de- 
formations over k, but in Theorem 15.41 deformations over a complete discrete valuation 
ring with residue field k. Here, we allow also rational double points on X in Theorem l5.2[ 
As a corollary of Theorem 15.21 in Corollary 15.31 we shall give a correct proof of [10, The- 
orem 5.16] that any log del Pezzo surface of index two admits a Q-Gorenstein smoothing 
to del Pezzo surfaces. Theorem 15.41 is applied to the study of the algebraic fundamental 
groups of smooth geometric fibers in Corollary 15.51 and Remark 15.5. 1[ 

To begin with, we recall the following well-known result. 

Lemma 5.1. Let X be an affine algebraic k-variety with a k-rational point P such that 
X \ {P} is non-singular and (X,P) is a local complete intersection singularity, i.e., the 
local ring Ox,p is a complete intersection. Then, there exist an affine open neighborhood 
X' , an affine flat morphism X — > T over a non-singular curve T, and a k-rational point 
oGT such that 

(1) X x T o~X', 

(2) X — > T is smooth over T \ {o}. 

In particular, the singularity (X, P) admits a smoothing. 

Proof. The local ring Ox,p is isomorphic to the localization of 

A = k[x x , . . . ,x n+l }/ (f\, . . . , ft) 

at the origin {xi = • • ■ = x n+l = 0} for a certain regular sequence fi, . . . , fi, where 
n = dimX. Hence, we may assume that X = Spec A and P is the origin. For 1 < % < I, let 
Fi be the homogeneous polynomial in k[x , x 1; . . . , x n+i ] such that Fj(l, x 1; . . . , x n+i ) = fi 
and x { Fi. Then, the complete intersection closed subscheme X C P^ +z defined by 
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{Fi = ■ ■ ■ = Fi = 0} is regarded as the closure of X, i.e., X fl D + (x ) = X, where 
D + (xq) = {xo 7^ 0}. By Bertini's theorem, since k is algebraically closed, we can take 
homogeneous polynomials Gi, . . . , Gi with degGj = degFj such that {Gi = 0} is non- 
singular for all 1 < i < I and Y2\=i{Gi = 0} is a simple normal crossing divisor. For s, 
t G Ik, let Hi(s,t) be the divisor {sFi + tGi = 0}. Then, there is an open neighborhood 
X" C P 1 of (0 : 1) such that, for any closed point (s : t) £ T', Hi(s,t) is non-singular 
for all 1 < i < I and X^=i-^( s ^) i s a si m ple normal crossing divisor. Thus, for T = 
T'U{(1:0)}, 

X := {Htis, t) = ■ ■ ■ = Htis, t) = 0} fi D+(x ) -> T 
is a desired morphism with o = (1 : 0) 6 T, □ 

By [H Corollary 6], we have: 

Corollary 5.1.1. Any rational Gorenstein surface singularity (rational double point) 
admits a smoothing. 

The following is our main technical tool for constructing desired surfaces of general 
type. 

Theorem 5.2. Letk be an algebraically closed field. Let X be a normal projective surface 
defined over k whose singularities are rational double points or toric singularities of class 
T. Assume that X satisfies the following two conditions: 

(i) H 2 (x,e x/k ) = o. 

(ii) R 2 (X,O x ) = 0. 

Then, there is a deformation X — > T of X over a non-singular algebraic curve T defined 
over k with a reference k-rational point o G T such that: 

(1) X — ?• T is a projective morphism and it is smooth over T \ {o}. 

(2) X is normal, rKx is Cartier, and O [ x{rKx)\x — Ox{ r Kx) f or the Gorenstein 
index r of X . 

In particular, after replacing T with an open neighborhood of o, the following hold for any 
k-rational point tofT\ {o} and the fiber X t := X x T t over t: 

(3) Xt is a non-singular projective surface defined over k. 

(4) dimff(Xi, Xt ) = dim IT (X, O x ) for alli>0. 

(5) K Xt = K x . 

(6) R 2 (X t ,Q Xt/k ) = 0. 

(7) If Kx [resp. —K x ) is ample, then so is K Xt (resp. —K Xt ). 

(8) If K x (resp. —K x ) is nef and big, then so is K Xt (resp. —K Xt ). 
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Proof. In Theorem 15.21 it is enough to consider the deformation theory only in the case 
where A = k. First of all, we shall prove ([2])-([E]) assuming ([T]) and ([2]). The assertions 
fl3]) and fll]) follow from ([1]), the assumption (Jn|), and from the upper semi-continuity 
theorem for the flat morphism X — > T. Since (l/2)r 2 K x is the leading coefficient of the 
Hilbert polynomial OximrKx)) with respect to the variable m, (jSJ) follows from 
(J2J) and the upper semi- continuity theorem for the flat morphism X — > T. For ([6]), let 
us consider the relative tangent sheaf Qx/t '■= Hom 0x {VL 1 X i T ,Ox), where the canonical 
homomorphism Qx/t ®o x Ox — > Qx/k is an isomorphism outside SingX but another 
canonical homomorphism Qx/t ®o x @x t ~^ ©Xt/k is an isomorphism. Then, we have 
H 2 (X, Qx/t ®o x Ox) = by H 2 (X, Qx/t) = 0. By the upper semi-continuity theorem 
applied to the sheaf Qx/t hat over T and by the base change isomorphism, we have the 
vanishing (Q. 

The assertion (J7|) is derived from (T5]) and |EGA| III, Theoreme (4.7.1)]. The last 
assertion (JSJ) is derived from also a general property. The detail is as follows (cf. [39| 
Chapter III, §4a, Problem]): Let D be a Cartier divisor on X such that D a := D\x is 
nef and big. It suffices to show that D t = D\x t is also nef and big for any point t in a 
neighborhood of o. Let H be another Cartier divisor on X over T. Then, D H = D t H t , 
where H t := H\ Xt by considering the Hilbert polynomial x(Xt, Ox{rn\H + m 2 -D)|x t ) °f 
two variables mi, ni2. In particular, D\ = D 2 a > and D t H t > for an ample divisor 
H t . Hence, D t is big. Thus, by replacing T with an affine open neighborhood of o, we 
have an effective divisor G on X such that mD ~ G for some m > 0. Here, D t is nef 
if and only if D t C > for any irreducible component C of G t = G\x t - By eliminating 
the vertical components of G, we may assume that any irreducible component G\ of G 
dominates T. Then, < D G\ y0 = D t G\ t t, where G\ tt = G\\x t - Replacing T by the Stein 
factorization of G\ — > T if necessary, we see that D t is nef for a general point of T. 

We shall construct a deformation X — > T satisfying ([1]) and (T5]) by applying Theo- 
rem 14.71 Note that the assumption of Theorem 14.71 is identical to ([!]) above and the 
other assumption (Jn]) of Theorem 14.71 is satisfied by ([n]) above (cf. Remark 14.7.11) . For a 
singular point P, we shall construct a deformation Utp) — > T of an affine etale neighbor- 
hood of (X, P) over a non-singular curve T as follows. If P is a rational double point, 
then we set Lifp) — > T to be a deformation obtained in Lemma [5.11 (cf. Corollary 15.1.11) . 
which is a smoothing of (X, P). Note that U<p) is normal and Gorenstein. If (X, P) is a 
toric singularity of class T, then, by Theorem 12.61 there is an affine etale neighborhood 
(Urp\,P r ) of (X,P) which is also an etale neighborhood of (Vm\,0) for an affine toric 
surface V(p) with the closed orbit 0. In this case, by applying Theorem 13.81 to V(p) and 
Lemma 14.4.21 to (U^,P ! ) —> (V(p),0), we have a deformation U(p) — > T of U(p) with a 
k-rational reference point o such that 
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• U{p) — > T is smooth over T \ {o}, 

• U(p) is normal, rK u , is Cartier, and 

U(p) (rK U{p) )\ U(p) ~ U(p) (rK U(p) ) 

for the Gorenstein index r of (X, P) . 
Note that in the construction above, we can take a common non-singular curve T and a 
reference point o. 

Applying Theorem 14.71 to Urp\ — > T for any P G SingX, after replacing (T, o) with an 
etale neighborhood, we have a deformation X — > T of X satisfying the required conditions 
dTJ and (j2J). Thus, we are done. □ 

We shall correct the proof of |IOj Theorem 5.16] concerning Q- Gorenstein smoothings 
of log del Pezzo surfaces of index two by proving the following stronger assertion as an 
application of Theorem 15.21 

Corollary 5.3. Let X be a log del Pezzo surface of index two over an algebraically closed 
field k, i.e., X is a normal projective surface, X has only log-terminal singularities, —K x 
is an ample non-Cartier divisor, andlKx is Cartier (cf. [4T)| Definition 3.2]). Then, there 
is a projective deformation X — > T of X over a non-singular curve T over k such that 

• X — )■ T is smooth outside X , 

• IKx is Cartier, and 

• any closed fiber of X — > T other than X is a del Pezzo surface with K 2 = K\. 

Proof. A singular point of X is either a rational double point or a singular point of type 
K n (cf. [101 Lemma 4.15]), where K n is just the toric singularity of type 4-(l,2n — 1): this 
is of type T(n, 2, 1) (cf. Definition 02} . We have H 2 (X, O x ) = H°(X, O x (K x )) v = by 
the Serre duality theorem, since —K x is ample. Hence, by Theorem l5.21 it suffices to show 
H 2 (X, @x/k) — 0, or equivalently, E°(X, W.omo x (Qx/k, O x {Kx))) = by Serre duality. 
We know that H°(X, O x (—K x )) ^ 0. In fact, for the minimal resolution /i: M — >• X of 
singularities, we have 

H°(X, O x (-K x )) ~ H°(M, O m (K m + fS(-2K x ))), 
R 2 (M,0 M (K M + fi*(-2K x ))) ^ R°(M,fi*Ox(2K x )) v = 0, and 
dimH°(M, M (K M + fi*(-2K x ))) > x(M, O m (K m + fi*(-2K x ))) 

= l -[K M + fi*(-2K x ))fi*(-2K x ) + 1 = K\ + 1 > 0. 

Taking a non-zero section of Ox(— K x ), we obtain an injection Ox{K x ) ^ O x , and 
hence an injection 

Uom 0x {Qx/^Ox{Kx)) ^ Uom 0x {Q x ^ O x ) - {^x/kY\ 
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where the right sheaf is isomorphic to {J>*Q\f/ k by Proposition 12 . 1 1 1 (13]) . Since M is rational, 

E (X,Uom Ox (Q x/k ,O x (K x ))) C H°(M,Q^ /k ) = 0. 
Thus, we are done. □ 

Theorem 5.4. Let A be a complete discrete valuation ring with an algebraically closed 
residue field k. Let X\ — > Spec A be a flat projective morphism satisfying the following 
two conditions: 

(i) The closed fiber X = X k is a normal projective surface with only toric singularities 
of class T satisfying H 2 (X, 9 x/k ) = H 2 (X, O x ) = 0. 

(ii) For any singular point P of X , let (n^,q^) be the type of the toric singularity. 
Then, there exist an affine neighborhood Yrp\ of P in X^ and two prime divi- 
sors -Bi(p), P>2(p) on Y(p) containing P such that (^(p), -Si(p) 5 -^2(p)) satisfies the 
condition C{ri(p),q(P))' over SpecA (c/. Definition 12. ip . 

Then, there exist an algebraic deformation Z — » T of X over an algebraic smooth A- 
scheme T of relative dimension one, a k-rational point o G T, and a section a : Spec A — > 
T such that: 

(1) o"(m A ) = o and Z x T (7 Spec A ~ X A . 

(2) Z is smooth over T \ <r(Spec A). 

(3) Z is normal, rK z is Cartier, and Oz{tK z )\ Xa — Xa {tK Xa ) for the Gorenstein 
index r of X . 

Proof. By Theorems 12. 7\ 13.81 and by Lemma I4.4.2[ we have an algebraic smooth A-scheme 
T of relative dimension one, a k-rational reference point o G T, a section a : Spec A — > T 
with cr(rriA) = o, and a flat family Vjp) — > T of normal affine surfaces for any singular 
point P of X such that 

(VI) V {P) x Ti(7 SpecA~F (P) , 

(V2) V(p\ — y T is smooth over T \ a(Spec A), 

(V3) V(p) is normal, r P K V(p) is Cartier with V(p) (rpK V(p) )\ Y(P) ~ Y(P) (r P K Y(P) ) for 
the Gorenstein index rp of the toric singularity P G X. 

In fact, (Y(p),P) is an etale neighborhood of an affine toric surface at the closed orbit 
by Theorem 12.7} and the toric surface admits a deformation satisfying conditions ([T])- 
03]) of Theorem 13.81 since it is of class T, and finally by Lemma I4.4.2[ we can lift the 
deformation to that of ^(p). Here, the section in Theorem 13 . 8 1 induces the section a, since 
A is a complete discrete valuation ring. 

Let X — > Spf 9^ be the formal deformation associated with a hull (SH, £) of Defx- By 
the assumption (JI]), we can find an algebraization W — y S of X — > Spf as in the proof 
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of Theorem 14.71 by Remark 14.7.11 Here, W — > S is a projective flat morphism over 
an algebraic A-scheme S, the fiber over a k-rational point b £ S is isomorphic to X, 
the completion of 0$,b is isomorphic to £H, and the formal completion of W along X is 
isomorphic to X. Since Xa — > Spec A is a deformation of X with reference point rriA, we 
have a surjection Di — > A such that X x Sp f K Spf A is isomorphic to the formal completion 
of X\ along X. Hence, for the induced section <j\ : Spec A — > SpecSH — > SpecC^f, —> S, 
we have an isomorphism W X5 iffl Spec A ~ Xa by [EGA[ III, Theoreme (5.4.1)]. 

Let Wrp) — > T(p) be an algebraization of the formal deformation associated with a hull 
of Def(x,p) as in the proof of Theorem 14.71 After replacing (S, b) with an etale neigh- 
borhood and replacing (P, o) with an etale neighborhood, we have morphisms <fi : S — > 

Ilpesingx T (P) and y?: P ->■ IlpgSingX T (P) such that <P ° a = $ ° °"i ( cf - WM) and that 5 
for any P £ SingX, 

• (H 7 , P) and (W(p) x t (p) 5, P) have a common etale neighborhood, 

• (V(p),P) and (W(p) x t (p) P> P) have a common etale neighborhood. 

Let St — > T be the base change of by </?. By replacing T with an open neighborhood of 
o, we may assume that St — > T is smooth, since is smooth at b by Theorem 14.61 Now, 
we have a section a' = (a, 01) : Spec A — >■ Sp. Then, after replacing (P, o) with an etale 
neighborhood, we have a section ip: T — >• 5*p such that t/> o a = a'. In fact, St is etale 
over A T := A\ x SpecA P for some k, and a' induces a section of over Spec A. Here, we 
may assume that the section is defined by ti = • • • = tfc = for A\ = Spec A[ti, . . . , tjt]. 
The closed subscheme of defined by ti = • • • = = is isomorphic to P. Hence 
a connected component of the pullback of the closed subscheme by St — > A T gives a 
desired etale neighborhood. Let Z — > T be the base change of H 7 — > S by P — > Sp — >■ S 1 . 
Then, Z — )■ P is a deformation of X with reference point o satisfying the condition 01) , 
and (Z, P) and (V(p), P) have a common etale neighborhood for any P £ SingX. Hence, 
the other conditions (|2J) and ([3]) are derived from flV2[) and (IV3D . and we have finished 



the proof. □ 



Corollary 5.5 (Fundamental group). LetX^ — > Spec A be the flat projective morphism in 
Theorem 15.41 satisfying the two conditions §j§ and ([n]). Assume that the field of fractions 
of A is of characteristic zero. Let X be the closed fiber of X^ — > Spec A. Let IK be an 
algebraically closed field containing A and let be the fiber product Xa Xg pec A SpecK. 
Then, H 2 (X K , Ox K ) = H 2 (Xk, ®x k /k) = 0. Moreover, there exist a deformation X — > C 
of X over a non-singular algebraic curve C defined over k, and a deformation y — )■ D of 
Xr over a non-singular algebraic curve D defined over K such that X — > C and y — > D 
satisfy the conditions corresponding to ([T]) and (T5]) of Theorem 15.21 and that there is a 
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surjection 



of algebraic fundamental groups for any smooth fibers X c and of X — >• C and y — > D 
over closed points c G C and d G D, respectively. 

Proof. First, we shall show: H 2 (X k ,C Xk ) = H 2 pf K ,©x K / K ) = 0. Since H 2 (X,C X ) = 0, 
we have R 2 {X a ,0 Xa ) = by the upper semi-continuity theorem for the flat morphism 
X\ — >■ Spec A, and H 2 (Xk, Xk ) = by the flat base change isomorphism H 2 (X A , Ox k )®a 
K ~ H 2 (X K ,Ox K ). The vanishing of H 2 (X k ,9 Xk /k) is shown as in the proof of Theo- 
rem [OJ(E]): For the relative tangent sheaf ©x a /a := Wom 0x ^ (Q Xa /aj ^a a ), the canonical 
homomorphism ©x a /a ®o Xa Ox — > ©x/k is an isomorphism outside SingX but another 
canonical homomorphism ©x a /a ®a — > ©x k /k is an isomorphism. Thus, we have 
H 2 (X, ©x a /a ®Ox A Ox) = by H 2 (X, Qx/t) = 0. By the upper semi-continuity theorem 
applied to the sheaf ©x a /a flat over A and by the base change isomorphism, we have the 
vanishing H 2 (X K , ©x k /k) = 0. 

Second, we shall define X — > C and y — > D. Let Z — > T be the deformation of X 
obtained in Theorem 15.41 By the surjection A -» k and the injection A > K, we define 

X := Z x SpocA Speck — > C := T x SpecA Speck, and 
y := Z x SpocA SpecK -)■ D := C x SpocA SpecK. 

Then, X — > C is a deformation of X with reference point o = C R <r(Spec A), and 3^ — > D 
is a deformation of X^ with the reference point ok : = -D x z <r(Spec A). Moreover, these 
deformations satisfy the conditions corresponding to (JTJ) and (j2j) of Theorem 15.21 

Finally, we shall compare several algebraic fundamental groups using results in |SGA1[ 
Exp. X] concerning with Grothendieck's specialization theorem |SGA14 Exp. X, Corol- 
laire 2.4, Theoreme 3.8]. Let ki be the algebraic closure of the function field k(C) of C 
and set X kl to be the fiber product X x c Specks Then, for any smooth closed fiber X c 
of X — y C, we have a surjection 



by |SGA11 Exp. X, Corollaire 2.4, Theoreme 3.8]. 

Let Ki be an algebraically closed field containing the function field K(D) of D, and 
let 3^Ki be the fiber product y x D SpecKi. The geometric generic points SpecKi — > 
D — > T and Specki — > C — > T are lying on the open subset T \ cr(SpecA), and the 
corresponding geometric fibers of Z — > T are 3^Ki and X kl , respectively. By [SGAll 
Exp. X, Corollaire 2.4, Theoreme 3.8], we have a surjection 



(V-l) 



7T 



(V-2) 
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Since char(K) = 0, by [SGA1, Exp. X, Theoreme 3.8, Corollaire 3.9], we have an isomor- 
phism 

(V-3) < lg (34cJ ~ 7rf«(n) 

for any smooth closed fiber of y — > D. Thus, we have a desired surjection 7rf g (Yd) -» 
7r? s (X c ) from (j^ID-dV^D. □ 

Remark 5.5.1. The calculation of irf s (Yd) in Corollary 15.51 is reduced to the case over 
the complex number field C, as follows. Let K, Xr, and y — > D be as in Corollary 15.51 
Here, y — > D is a deformation of X^ with a reference IK-rational point b := ok G -D as 
in the proof of Corollary 15.51 Then, there is a finitely generated field K over the field 
Q of rational numbers such that Xr, y — > D, ok G D, d G D \ {&}, and every point of 
SingXg = {-Pi, • • • ,-Pfc} descend to over K . Namely, there exist algebraic schemes X 
and D over SpecK , K -rational points b and do of D , K-rational points Pi j0 , . . . , i\o 
of X , and a morphism y — > D such that 

X K ~ X x SpecKo SpecK, D ~ D x SpccKo SpecJK, 
(be D) ~ (6q G -Do) XspccKo SpecK, (d G £>) ~ (d e A)) x S pccK SpecK, 
(P< - (P i>0 G X ) XgpecKo SpecK (1 < i < k), 

(y -»■ D) ~ (3^0 -»> A)) XgpecKo SpecK, 

with the following properties (cf. |EGA[ IV, Propositions (2.5.1), (2.7.1), (6.7.4), Corol- 
laire (2.7.2)]): 

• X is a normal projective integral K -scheme, and X \ {-Pj,o}i<i<jfc is smooth over 
SpecK . 

• D is a smooth algebraic K -scheme. 

• 3^o is normal and integral. 

• 3^o ~~ ► Do is a projective flat morphism whose fiber over 6 is identified with X . 

• y ^ D is smooth on y% : = \ {P 4 ,o} Ki<k- 

Moreover, rKy / Do is Cartier for the relative canonical divisor Ky / Do and for the index 
r of X, and there is an isomorphism 

Oy ( rK y /D ) -3*(uyl/ Do ) 

for the relative dualizing sheaf ojy°/£> where j: y^ <^-> 3^o denotes the open immersion. 
These properties are also derived from the corresponding properties on y — > D. Note 
that the fiber Y d of y — > D over d is the base change of the fiber Y do of 3^o — > D over d 
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by SpecK — > SpecKo. Taking a field extension Ko C C, we set 

X c := X x SpecKo SpecC, D c := D x SpecKo SpecC, 
(b c e D c ) := (b E A)) XspccKo S P ecC > ( d <c e D c ) ■= (d E D ) x S p ec]Ko SpecC, 
(Pi,C e Ac) : = (P i>0 G D ) XspecKo SpecC, (1 < i < k), 
(y c ->• D c ) := (y -> .Do) x specKo SpecC. 

By considering also the descent of the minimal resolution of singularities of X, we may 
assume that Xc has only toric singularities of class T. In fact, the exceptional locus 
over Pi t c of the minimal resolution of Xc is the linear chain of rational curves with the 
same self-intersection numbers as that for thus (X c , P^c) is a toric singularity by 
Theorem 12.61 Then, 3^c Dc is a Q-Gorenstein smoothing of Xc in the sense of [261 
Section 3] (cf. [261 Corollary 3.6]), since 3^c is Q-Gorenstein. For the smooth fiber Yc,dc 
of 34: ~~ ► Dc over dc, we have an isomorphism 

vrf s (F rf ) ~ ^(Y c , dc ) 

by [ SGAT1 Exp. X, Corollaire 1.8]. 

6. Simply connected surfaces of general type with p g = q = 

We apply the results in Sections HrE] to construct algebraically simply connected sur- 
faces S of general type with p g = q = and 1 < K 2 < 4 which is defined over the given 
algebraically closed field k, where 

Pg = p g (B) = dimH°(§, O s {K s )) = dimH 2 (§, O s ), q = q(B) = dimH 1 ^, O s ), 

and K = X§ denotes the canonical divisor. An outline of our method is as follows. We 
first construct a normal projective rational surface X with only toric singularities of class 
T satisfying the following conditions: 

• Kx is nef and big (or ample), 

• K\ equals the given number K 2 > 0, 

• H 2 (X,9x) = 0. 

Note that H l (X,Ox) = for any i > since X is rational and has only rational sin- 
gularities. For the construction of X, we follow the method used in [33], [32], and [13] . 
which is however considered over the field C of complex numbers. By Theorem 15.21 we 
have a projective deformation X — > T of X over a non-singular curve T defined over k 
satisfying the conditions (|T}) and <^ of Theorem 15.21 Here, a general closed smooth fiber 
Xt of X — > T is a non-singular projective surface § having the following properties: 

• g(S)=p fl (S) = 0aadx(S,O s ) = l- 
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• § is a minimal surface of general type with K§ = K 2 . 

• H 2 (§, Qs/k) — 0. In particular, § is liftable to characteristic zero. 

For the second condition above, note that K Xt is ample if Kx is. If X t is algebraically 
simply connected, then this is one of the surfaces what we want to get. In order to 
construct a simply connected one, we select the deformation X — > T by considering a 
lifting problem to characteristic zero. Namely, we construct X as the closed fiber of a 
flat family — > Spec A for a complete discrete valuation ring A of mixed characteristic 
with the residue field k satisfying the assumptions ([1]) and (jSJ) of Theorem 15.41 Then, 
by Corollary 15. 5\ we have a deformation X — > T satisfying the conditions ([T]) and (J2J) 
of Theorem 15.21 in which 7rf g (X t ) is dominated by nf e of a Q-Gorenstein smoothing of 
a geometric generic fiber of X\ — > Spec A. Looking at the construction of X\, we shall 
prove the simply connectedness of the Q-Gorenstein smoothing of a geometric generic 
fiber from the argument used in the proof of [33, Theorem 3.1], [42, Theorem 3.1], and 
[4"3"| Proposition 2.1]. The argument shows especially that, when k = C, X \ SingX is 
topologically simply connected. In this way, the new X t is shown to be algebraically 
simply connected, and we have a desired surface. 

Remark 6.1. In the construction above, the number K 2 must be between 1 and 4. In fact, 
we may assume that char(k) = 0, and in this case, we have H°(X t , ®x t /k) — 0, since the 
automorphism group of the surface X t of general type is finite. Thus, by Riemann-Roch, 

dimH 1 ^, Q Xt/k ) = - X (X t , Q Xt/k ) = 10 - 2K 2 , 

where we use x(X u O Xt ) = 1, K\ t = K 2 , and H 2 (X t ,9 Xt/k ) = 0. Hence, 1 < K 2 < 5. 
Moreover, our X t is a fiber of a Q-Gorenstein smoothing of a rational surface with only 
cyclic quotient singularities of class T. Hence, X t has a non-trivial deformation by the 
existence of the coarse moduli of surfaces of general type (cf. |16[ Theorem 1.3], [2"B"t 
Corollary 5.7]). Thus, dimH 1 ^, Q Xt /k) > and K 2 < 4. 

We shall explain the construction of X and X^ — > Spec A from suitable cubic pencils 
on P 2 step by step in Section |6j We also give sufficient conditions for the surface X to 
be a desired one. Explicit examples of the cubic pencils are given in Section [TJ and the 
Main Theorem is proved using these examples. 

Let us fix a complete discrete valuation ring A of mixed characteristic with the residue 
field k. Let K 2 be a given positive integer. 

Step 1. We first take two cubic homogeneous polynomials (fi , 0^ from Z[x, y, z], and let 
$o an d $oo be the divisors of zeros of 0o and 0oo, respectively, on P 2 . = Proj k[x, y, z]. 
Let $ be the cubic pencil defined by $o and $oo. For c £ k, let $ c be the divisor of zeros 
of 0o + c^oo- We here require the following conditions on $: 
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(Cl) The base locus of i.e. <3>o H $00, is a finite set. 

(C2) There exist at least two values of c G k \ {0} such that $ c is singular. Moreover, 
if $ c is singular for c ^ 0, then it is a nodal rational curve. 

Let Y — > Fl be the elimination of the base locus of $ which is a succession of blowings 
up at points. Then, we have a minimal elliptic fibration tt: Y — > with a section such 
that Oy(-Ky) ~ tt*0(1). 

Lemma 6.2. In t/ie situation of Step [TJ t/iere is a /ZaZ morphism tt^-.Y^ — > P A such 
that tt is t/ie frase change of it\ by the closed immersion — > P A . Let c\, c 2 , . . . , c n be 
the values c G k such that $ c is singular. Then, Ci are regarded as elements of A, and 
hence 7r A is a smooth elliptic fibration outside the sections of P A — > Spec A defined by 
(u : v) = (1 : Ci) for 1 < i < n and (u : v) = (0 : 1), where (u : v) is a homogeneous 
coordinate 0/P 1 . 

Proof. By construction, $ an d $00 are defined over Z, and the each center of the blowing 
up between Y and P^ is a point whose coordinates are algebraic over Z. Thus, the point is 
defined over the Henselian local ring A. Hence, Y — > P^ extends to a birational morphism 
1a — > P A which is a succession of blowings up along centers over Spec A. Moreover, by 
the pencil over A, we have an elliptic fibration tt\: Ya — > P A extending 7r. The elements 
Ci, . . . , c n can be regarded as elements of A, since A is Henselian, and tt^ is smooth 
outside the sections above. □ 

Step 2. For the elliptic fibration tt in Step\T[ after choosing two values Ci, c 2 G k\{0} such 
that $ Cl and $ C2 are singular, we define F\ and F2 to be the proper transforms of $ Cl and 
$ C2 in Y, respectively. Note that, for i = 1, 2, Fj is the fiber over the point (1 : q) G P£, 
and it is a singular fiber of type L in Kodaira's notation (cf. [251 Theorem 6.2]). We 
define F :— Fi + F 2 . Let G + be the union of all the (— 2)-curves on Y. Note that every 
(— 2)-curve on Y is an irreducible component of a reducible fiber by Oy{—Ky) — n*0(l), 
and thus it is an irreducible component of the total transform of $0 + $00 in Y (cf. (IC2I) ). 
We choose (— 2)-curves G\, G 2 , ■ ■ ■ , G). on Y and set G := Yli=i Moreover, we choose 
horizontal curves S±, S2, ■ ■ ■ , Si with respect to tt such that each Sj is either exceptional 
for Y — y P^ or its image in P^ is a line defined over the ring of algebraic integers. We set 
S := Y^j=i Sj-i anc i a ^ so 

B:=F + G + S and B + := F + G + + S. 

Note that, by construction and by Lemma l672| any irreducible component of B + is realized 
as the closed fiber of a prime divisor of Y^ over Spec A. We require the following conditions 
on Y, B+, and G: 
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(C3) B + is a simple normal crossing divisor outside the nodes of F. 

(C4) Cy(G'i), . . . , Y (G k ), and tt*C(1) are linearly independent in Pic(Y) <g> z k. 

We do not require the following additional conditions fL41j) and (L42j) which are however 
useful to check the ampleness of K x (cf. Proposition 16.61 (14"|) below): 

(-4.1) The open set Y \ (S U G) is affine. 

(.4.2) The open set Y \ (S U G) does not contain any (— 2)-curve. 
Lemma 6.3. In the situation of Step HI the condition ( \CA\i is satisfied if 

det((5 i (5 i ) ^ mod char(k). 
Proof. For p := char(k), suppose that 

h _ _ 

V qG, + cFl ~ pH 

' 'i=l 

for some integers c% and c, and for the fiber F\ of tt and a Cartier divisor H. Then, 
Cj = mod p for any 1 < z < by det(GiGj) ^ mod p and by FiGj = 0. Moreover, 
c = mod p, since F{E = 1 for a section E of 7r. Thus, (1C4j) is satisfied. □ 

Lemma 6.4. In t/ie situation of Step [21 

H°(F,^ /k (log(G + F 2 )) = 0. 

Proof. Since G + _F 2 is normal crossing (cf. ( 1C3j) ). we can consider the exact sequence 

(VI-1) ^ /k (log(G + A)) 0" =1 <% © 0f 2 o, 

where F 2 is the normalization of F 2 . Let / 2 G H (Y, Q^) be the image of 1 G H ((9p 2 ) 
by the connecting homomorphism of the long exact sequence of cohomology groups as- 
sociated with (fVTT| . Similarly, let # G H^fiLJ be the image of 1 G H (O G J for 
1 < i < k. Then, / 2 and ^ can be regarded as the first Chern classes (with respect to 
"dlog") of the invertible sheaves CV(F 2 ) and CV(Gj), respectively. In fact, we have a 
commutative diagram 

1 ► O y >• O y (*(G + F 2 )) x >• H° 0+p (Divy) — >o 



dlog 



dlog 



o ► n Y/k ► n Y/k (\og(G + f 2 )) ► ®i x o Qi @o F2 > 

of exact sequence, where dlog(tt) = u~ l du for a rational function u, and for an effective 
divisor R, 

• Oy{*R) x stands for the sheaf of invertible rational functions on Y regular on the 
open subset Y \ Supp R, and 

• Ti^iVivy) stands for the sheaf of Cartier divisors on Y supported on Suppi?. 
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Note that, as global sections of (Uivy), F 2 and Gi are mapped to 1 G Of 2 and 

1 G Oq., respectively, by the right vertical homomorphism. The first Chern class map 
c: Pic(y) = H 1 (y, Oy) — > H (Y, fiy/ k ) is induced by the left vertical homomorphism: 
dlog. Therefore, / 2 = c(CV(F 2 )) and = c(Cy(Gj)). For the natural bilinear form 

( , ):R\Y, fi^) x R\Y, fi^) H 2 (Y, fi y/k ) ~ k, 

the value (c(£i), c(£ 2 )) in k equals the intersection number £ x ■ £ 2 modulo char(k) for 
any invertible sheaves C\, £ 2 on Y (cf. [HI Chapter. V, Exer. 1.8]). Now, Pic(Y) is a 
unimodular lattice for the intersection pairing, since Y is rational. As a consequence, c 
induces an injection Pic(Y) ®z k — > H (Y, fiy/jj. Hence, #1, . . . , and / 2 are linearly 
independent by (|C4p . Therefore, the connecting homomorphism for (IVI-lj) is injective, 
and we have 

H°(Y, 5^y k (log(G + F 2 ))) = H°(Y, fi y/k ) = 0. □ 

S'tep 3. We consider the blowing up r: Z — > Y at the two nodes Pi and P 2 of Fi and F 2 , 
respectively. Let Fi be the proper transform of Fj in Z and let Jj be the exceptional divisor 
r -1 (Pj) for i — 1, 2. Then, F^ — >■ F; is the normalization map, and t*{F{) = Fi + 2Jj for 
i — 1, 2. In particular, 

(VI-2) tf z Fi - Ji + J 2 , and - 2FT Z ~ Fi + F 2 . 

Let Gi and Sj denote the proper transforms of Gi and Sj in Z for 1 < i < k and 
1 < j < I. Here, Gi is the total transform of Gi, since Gi D F = 0. We set F := Fi + F 2 , 
G := 5^i=i an d & := Sj=i We requhe the following conditions: 

(C5) S + F + Ji + J 2 is a simple normal crossing divisor. 

(C6) ^ are (— l)-curves for any 1 < j < I. 
Let B + be the total transform of B + in Z. Then, B + is also a simple normal crossing 
divisor by (1C3I) and (1C5j) . We define 5 to be a reduced divisor such that S + G + F < 
£ < 5 + G + F + Jx + J 2 = P+. 

Lemma 6.5. In the situation of Step [3i 

R 2 (Z, e z/k (- log(G + F))) = H 2 (Z, 6 z/k (- log B)) = 0. 

Proof. The second vanishing is derived from the first, since we have an exact sequence 

z/k (- log P) z/k (- log(G + F)) -». 0' Sj (Sj) © Oji{Ji) -»- 

for the simple normal crossing divisors B and G + F, in which H (Og^Sj)) = H 1 ((9j i (Jj)) 
= H^P 1 , C(-l)) = by (jgBjl . The first vanishing is equivalent to 

H°(Z, fiL k (log(G + F)) ® Oz(^z)) = 
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by Serre duality. By ( 1VI-2j) . we have an inclusion 



n (^ /k (log(G + F)) ® O z {K z )) ^ r* (^ /k (log(G + F 2 )) ® O z (J 2 )) 

^^ /k (log(G + F 2 )), 

where the last map is the injection to the double-dual. Thus, we are done by Lemma EH 

□ 

Step 4. We take a successive blowings up (p: M — >■ Z whose centers are certain nodes of 
the total transform of B + . On the choice of nodes, we assume that the total transform 
Bm = ( -P 1 (B) of B in M contains a disjoint union D = U™ =1 D^ of linear chains 
. . . , Z)( m ) of smooth rational curves satisfying the following conditions (jC7p - (jClip : 

(C7) f{D) = B. 

(C8) Each Z>« contains no (-1) -curve, and is contractible to a toric singularity of class 
T. 

Let \i: M — > X be the contraction morphism of D. Then, X has only toric singularities 
of class T and /i is the minimal resolution of singularities. Let A be the Q-divisor 
supported on D define by Km + A = fi*(Kx)- 

(C9) K\ = K 2 . 
(CIO) Ar > 1 for any ^-exceptional (— l)-curve V on M. 

(Cll) For any D", there exist smooth rational curves V and V not contained in 
such that 

• r + dw + r is a linear chain of smooth rational curves with the end compo- 
nents T and T', 

• (p(T U r") is contained in B + . 



We do not require the following condition (L43P which is however useful for checking 
the ampleness of K x (cf. Proposition 16.61 fT41) below): 
(.4.3) There is no (^-exceptional (— 2)-curve contained in M \ D. 

Proposition 6.6. In the situation of Step IH the following hold: 

(1) R\X,O x ) = R 2 (X,O x ) = 0. 

(2) H 2 (M,e M/k (-lo gj D)) = H 2 (X,6 X ) = 0. 

(3) Kx is nef and big, and it is Q-linearly equivalent to an effective Q-divisor whose 
support is the union of D and the ip- exceptional locus. 

(4) Kx is ample if and only if there is no {—2) -curve contained in M \ D. If L4.1 p 
and ( \A3\i are satisfied, then K x is ample. If Kx is ample, then (\A2\i and ( \A3\i 
are satisfied. In case B contains J\ or J 2, Kx is ample if and only if (\A2 p and 
(L43P are satisfied. 
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Proof. (pQ) follows from that X has only rational singularities and M is rational. 

©: By Corollary it suffices to prove H 2 (M, 9 M /k(- log D)) = 0. Now 5 M = 

ip~ 1 (B) is a simple normal crossing divisor containing D. Since the cokernel of the 
natural injection &M/k(— log 5m) > ©M/k( — log-D) is supported on the one- dimensional 
subscheme B M — D, it is enough to prove: H 2 (M, 0M/k( — log B M )) = 0. We have an 
isomorphism 9m/i(- log 5m) — log 5), since the center of the each step of the 

successive blowings up <p is a node of the total transform of B. Hence, by Lemma 16.51 
we have 

H 2 (M, 0M/k(-log5 M )) ^ H 2 (Z, z/k (-log5)) = 0. 

©: By flVF2D , K z + (1/2) (Fi + F 2 ) ~q 0. Since F x + F 2 is smooth, the pair 
(Z, (1/2) (F\ + F 2 )) is terminal (in the sense of [27, Definition 1.16]). Hence, Km + 
(1/2)(F{ + Fj) ~q A for an effective Q-divisor A whose support is just the exceptional 
locus for (p: M — > Z. Thus, 

(VI-3) Km + A ~ Q A + A - (1/2) (F{ + F 2 '). 

Here, the right hand side is an effective Q-divisor whose support is the union of D and 
the (^-exceptional locus, since 

mult^(A) > 1/2 for z = l,2, 

by Fj 2 < Ff = -4 and by Corollary ETT21 and Lemma If K M + A is nef, then this 
is also big by (|C9|) . Thus, it suffices to derive a contradiction assuming that Km + A is 
not nef. Then, there is a curve V with (Km + A)T < 0. By flVI-3p . V is (^-exceptional 
or //-exceptional. But Y is not /i-exceptional; for otherwise, (Km + A)T = fi*(Kx)T = 0. 
Thus, T is (^-exceptional. Hence, Ar > and K M F < 0; consequently, T is a (— l)-curve 
with Ar < 1. This is a contradiction to (IClOp . 

(j3J): By Nakai-Moishezon's criterion, Kx is not ample if and only if there is a curve 
T such that it is not /i-exceptional and (Km + A)T = 0. Let T be such a curve. Then, 
T 2 < by the Hodge index theorem, and moreover, Km^ = Ar = by fIClOl) . Thus, F 
is a (— 2)-curve contained in M \ D. Conversely, if T is a (— 2)-curve in M \ D, then Kx 
is not ample by Kxf*(T) = (Km + A)T = 0. 

Assume that the (— 2)-curve T above is not (^-exceptional. Then, T does not intersect 
the (/9-exceptional locus, since AT = by flVI-31) . Hence, (p(T) D(p(D) = 0. In particular, 
T<f(T) C Y\(S\JG). Therefore, <\A1\) and HA3\i imply the ampleness of K X - If B contains 
Jx, then ip(T) does not intersect the fiber Fx UJi; hence, np(T) is a (— 2)-curve contained 
in a fiber of Y — > P 1 and is contained in Y \ (S U G). Thus, (L42p and (02]) imply the 
ampleness of Kx in this case. If (L42j) or (L43I) fails, then we can find an irreducible curve 
T contained in M \D\ thus Kx is not ample. □ 
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Remark. Our proof of Proposition 16.61 (j2J) is different from the proof of the corresponding 
result in [331 Section 4], but has many common ideas. 

Lemma 6.7. In Step® the condition (IC10I) is derived from the following three conditions 
for all the if -exceptional (—l)-curves T: 

(1) T intersects at least two irreducible components of D. 

(2) If T intersects a connected component of D which defines a toric singularity of 
type T(l,2, 1) for some I > 1, then T intersects another component of D defining 
a toric singularity of type T(d, n, a) with n > 2. 

(3) Ar > 1 ifT intersects a (—2)-curve belonging to a sequence of (—2) -curves at an 
end of a connected component of D. 

Proof. Let T be a ^-exceptional (— l)-curve. Assume that T intersects two irreducible 
components Hj, S 2 of D such that 

• Sj does not belong to any sequence of (— 2)-curves at an end of a connected 
component of D for i = 1, 2, 

• the linear chain containing Si defines a singularity of type T(d, n, a) with n > 1. 

It suffices to prove Ar > 1. By Lemma 13.7.2^ the multiplicity of A along Si is greater 
than 1/2 and the multiplicity along S 2 is greater than or equal to 1/2. Thus, we have 

Ar > i. □ 



Applying Theorem 15.21 to X above, we have: 

Proposition 6.8. Let $ be a cubic pencil on P 2 - satisfying fIClj) and (IC2I) . and let Y — > P 2 

be the elimination of the base locus of $ by a succession of blowings up at points. Let F , 
G, S, B, B + be divisors on Y satisfying conditions (1C3j) and f lC4j) . and also conditions 
(IC5P and (IC6P on the blown up surface Z at the nodes of F . Let (p: M — >• Z be a succession 
of blowings up at certain nodes of the total transform of B + , and let D = 5^£)W be a 
disjoint union of linear chains of smooth rational curves contained in the total transform 
of B in which the conditions ( 1C7|) - (1C11|) are satisfied. Then, there is a minimal projective 



surface § of general type defined overt, such that p g (E>) = q(S) = 0, equals the given 
integer 1 < K 2 < 4 in the Main Theorem, and H 2 (S, Qs/t) =0. If M \ D contains no 
(—2) -curves, we can even assume the canonical divisor Kg to be ample. 

Step 5. Let B^ be the total transform of B + in M. This is a simple normal crossing 
divisor consisting of rational curves. Since t o ip: M — )• F is a succession of blowings up 
whose centers are nodes of the total transform of B, by Lemma T6. 21 and by the condition 
on Sj in Step [2J we can realize M as the closed fiber of a smooth projective family 
Ma — > Spec A of rational surfaces and B\ { as the closed fiber of a divisor B^. on M\ flat 
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over A such that every irreducible component of B~^ A is a P 1 -bundle over A and that any 
non-empty intersection of two prime divisors of is a section over Spec A. Moreover, 
we have a relative Cartier divisor on M\ whose restriction to M is linearly equivalent to 
the pullback of an ample divisor on X. For, the exceptional divisors for the birational 
morphism Ma — > Ya — > ¥\ and the pullback of 0^(1) generate PIc(Ma). Then, by 
Proposition 16.91 below, we have a projective family X\ — > Spec A of normal projective 
surfaces and a birational morphism /iA : Ma — > Xa over Spec A such that the closed fiber 
of X\ is isomorphic to X and the morphism /za restricted to the closed fibers is just the 
minimal resolution /i: M — > X. 

Proposition 6.9. Let A be a discrete valuation ring with the residue field k which is 
algebraically closed. Let V be a normal projective surface with only rational singularities 
defined over k. Let W — > Spec A be a smooth projective morphism such that W := 
W x Spec A Speck is the minimal resolution of singularities ofV. Let {Ei} ie j be a set of 
prime divisors on W such that: 

• Ei is a ^-bundle over Spec A for any i G /. 

• Ei = Ei x spec a Speck is an irreducible component of the exceptional locus E of 
the minimal resolution v: W — > V. 

• Conversely, any irreducible component of E is equal to Ei for a unique i £ I. 

• Ei n Ej is a section ofW ->■ Spec A if E^n Ej ^ 0. 

Assume that there is a divisor L on W such that L := L\w is linearly equivalent to the 
pullback of an ample divisor on V . Then, there exist a normal projective A- scheme V 
and a proper birational morphism i>: W — > V satisfying the following conditions: 

(1) V ~ V 

x Spec a Speck, and v is obtained by the base change of v by Speck — > 

Spec A. 

(2) The v- exceptional locus is \}Ei, and v{Ei) is a section of V —> Spec A for all 
i E I, 

(3) IfrKy is Cartier for a positive integer r, then so is rKy and rKy\y ~ rKy. 

Proof. We may assume that L = v*[Ly) for a very ample divisor Ly on V such that 
H*(V, Oy(Ly)) = for all i > 0, by replacing L with mL for m ^> 0. Since V has 
only rational singularities, H l (W, Ow{L)) = for any i > 0. The morphism defined by 
the base point free linear system \L\ is just v: W — > V followed by a closed immersion 
V ^ ¥ N , where N — dim \L\. We can show: 

Claim 6.9.1. (i) E^W, O w (L)) = for any i > 0. 

(ii) The natural homomorphism R°(W, O w {L)) ®a k — > H°{W, O w (L)) is an isomor- 
phism. 
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(iii) O^(L) is generated by global sections, i.e., B°(W,0^(L)) <g> A -» O^(L) is 
surjective. 

Proof. In fact, is a consequence of the upper semi-continuity theorem for W — > Spec A 
and the vanishing Ow{L)) = for any i > 0. Then, ([n]) is obtained as the base 

change isomorphism. The homomorphism in (lm|) is surjective after tensor ing k over A, 
by the freeness of \L\ and by ([n]). Thus, the homomorphism is surjective along the closed 
fiber of W — > Spec A, and is surjective everywhere on W, since A is a local ring. □ 

We continue the proof of Proposition 16.91 Now, by Claim l6.9.11 fpT|) above, we see 
that H°(W, Oyy(L)) is a free A-module of rank N, and the surjection in Claim I6T97T1 flmj) 
defines a morphism W — > P^ . Let W — > V — > P^ be the Stein factorization of W — > . 
Then, V is normal and the fiber over Speck of the proper morphism v: W — > V is just 
v:W->V. 

By construction, v is an isomorphism on W\{jEj,; hence v is a birational morphism. 
Every Ei for i G I is ^-exceptional, since 0^{V)\^_ ~ (9g . We shall show that there 
is no other //-exceptional divisor. Let T be a //-exceptional prime divisor on W. If V is 
not flat over A, then V is contained in the closed fiber W and also contained in some Ef, 
this is a contradiction, since codim(£'j, W) = 2. Thus, F is flat over A. Then, the closed 
fiber r of T — > Spec A is a union of //-exceptional curves. Here, the intersection number 
b := TEi is negative for some i E I. Hence, T = Ei, since 0^(T)\^, is isomorphic to 
(Dpi (b). Therefore, the //-exceptional locus is [jEi. Since Ei is a P^bundle over A, the 
image v[Ei) is a section of V — > Spec A. Thus, all the assertions except ([3]) are satisfied. 

For ([3]), it suffices to show that rKy is Cartier. In fact, if rKy is Cartier, then rK v \y ~ 
rKy by Remark 13.9.31 We consider the rational numbers hi > such that v*{Kx) = 
Kw + hEi- Then, rbi G Z for any %. Let D be the Cartier divisor rK^ + ^rbiEi on 
W . Then, D\w ~ //*(riTy). We apply the argument above to L' = aL + D for o > 
instead of L, where aLy + rKy is ample on V. Then, O^(L') is generated by global 
sections and defines a morphism W — > P^' for some N' > 0. Let //': W — > V be the 
birational morphism obtained as the Stein factorization. Then, the exceptional locus of 
W — > V is just the union of [JEi. By Zariski's main theorem, we have an isomorphism 
V ~ V compatible with v and v' . Consequently, D is the pullback of a Cartier divisor 
on V. Hence rK v is Cartier and D = u*(rK v ) by v*{D) = v^irK^) = rK y . Thus, we 
have finished the proof of Proposition 16.91 □ 

Step 6. We can apply Theorem 15.41 to X\ — > Spec A constructed in Step El In fact, 
the assumptions @ and (Juj) of Theorem 15.41 are confirmed by Proposition 16.61 and by 
an argument in Step 0] and the condition fICllj) . respectively. Let X K be the geometric 
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generic fiber of Xa — > Spec A for an algebraically closed field K containing A. Thus, by 
Theorem 15.41 and by Corollary 15.51 we have deformations X — > T of X and X% — > of 
X such that: 

• T is a non-singular algebraic curve over k, and X — > T satisfies the conditions ([I]) 
and 02]) of Theorem 15.21 

• Tk is a non-singular algebraic curve over IK, and —> Tr satisfies the conditions 
AT] and © of Theorem O 

• 7rf g (XK,t') — > irf e (X t ) is surjective for any closed smooth fibers X t = X x T t and 
Xk,*' = X. X/ /'. 

In order to get the algebraic simply connectedness of X K t /, we shall compare X K and a 
normal projective surface X defined over C which is constructed by the same method as 
in Steps UHl 

Let Yc — > be the elliptic fibration obtained from the pencil $ on by replacing k 
with C. Then, by the same process as in Steps [3] and HJ we have birational morphisms 
rc : Zc — > Yc, ifc : M<c — > Zc, and a disjoint union Dc of linear chains of smooth rational 
curves such that the contraction of -Dc is the minimal resolution /x^: M<c — > Xc of a 
normal projective surface X^ with only toric singularities of class T. Let IK be a subfield 
of K finitely generated over Q such that Xr, SingX^, and X — > T are defined over HQ). 
We take an injection 1K C and set X := X Ko x SpecKo SpecC. Then, X ~ X c by our 
construction of Xa — > Spec A. 

Lemma 6.10. If Xc \ SingXc — Mq \ Dc is simply connected (with respect to the Eu- 
clidean topology), then a general smooth closed fiber X t of X — > T is algebraically simply 
connected. 

Proof. By the assumption, any Q-Gorenstein smoothing of Xc is simply connected by 
an argument in the proof of [551 Theorem 3.1] using results on rational blowdown 4- 
manifolds, Milnor fibers, and van-Kampen's theorem. Thus, by Remark 15.5. 1[ a smooth 
closed fiber X Ktt > of X K — > T K is algebraically simply connected. Therefore, so is X t by 



The following is useful for proving the simply connectedness of Mc \ -Dc an d used in 
the proof of [33], Theorem 3.1]. 

Lemma 6.10.1. In the construction of M and D above, assume thatk. = C. Then, M\D is 
simply connected (with respect to the euclidean topology) provided that, for any connected 
component Di of D, there exists a smooth rational curve E on M and another connected 
component Dj of D such that: 

(1) E intersects an end component of and an end component of Dj. 




□ 
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(2) EDi = EDj = 1, and E does not intersect the other connected components of D. 

(3) gcd(<ijnj, djUj) = 1 for the types T(di,ni,ai) and T(dj,nj,aj) of the toric singu- 
larities defined by Di and Dj, respectively. 

Proof Let Qi be the toric singular point /i(-Dj) of class T and let T(di, n iy ai) be the type. 
We have an open neighborhood Ui (with respect to the euclidean topology) of Qi and a 
finite surjective morphism A^: U~ — > Ui such that 

• WiHSingX = {Qi}, 

• Ui is topologically contractible, 

• is a non-singular surface topologically contractible to a point, 

• Xi is etale over Ui \ {Qi}, 

• Xi is a cyclic covering of degree diiij . 

In particular, TtiiUi \ {Qi}) is a cyclic group of order diiif. We set Ui := ji^iUi), which 
is homotopic to Di. Hence, U is simply connected. Moreover, U\D =U\Di ~ Ui \ Qi. 
We may assume that Ui C\Uj =0 for any i, j. For the open immersion Ui \ D > M \ D , 
we have a homomorphism iri(Ui\D) — > -k\{M\D) defined up to conjugate by considering 
a path connecting the reference points of Ui \ D and M \D. Let ji be the image of a 
generator of TTi(Ui \ D) in 7Vi(M \ D). Then, tti(M \ D) is generated by the images 7, for 
any i by van-Kampen's theorem applied to the open covering M = (M \D)U[jUi, since 
M and Ui are simply connected. 

For a connected component Di, let Dj be another connected component and E be 
a smooth rational curve satisfying ([I])-©- Then, E \ D ~ C \ {0}. Let 7^ be the 
image of a generator of the cyclic group tt\{E \ D) in tti(M \ D) by a homomorphism 
7Ti(E\D) —7- 7r 1 (M\D) defined up to conjugate similarly to the above from the inclusion 
E \ D M \ D. Then, je is conjugate to ji or 7^, and conjugate to 7-,- or , since 
E intersects Di (resp. Dj) transversely only at one point which is in an end component. 
Therefore, 7« is conjugate to 7, or 7" 1 . Hence, 7« = 7j = 1 by ([3]). This proves that 
M \ D is simply connected. □ 

By the discussion in Steps Eland El we have: 

Proposition 6.11. In the situation of Proposition l£T8l let Mc be the same surface ob- 
tained as above by replacing k with C, and let Dq be the same linear chain as D on 
Mq . If Mc \ Dc is simply connected in addition, then one can require the surface § in 
Proposition 16.81 to be algebraically simply connected. 
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7. Proof of Main Theorem 

We shall prove the Main Theorem by giving explicit examples using the method in 
Section [6j In Examples I7.1H7.8I below, the necessary tasks are: 

• Giving assumptions on char(k) and K 2 . 

• Defining two cubic homogeneous polynomials 0o an d 0oo m ^[ x > y ; z ] and checking 
the conditions (PJ and Q (cf. Step-in Section EJ. 

• Defining the divisors F, S, and G on Y, and checking ( 1C3j) and (1C4j) . For the 
ampleness of i^x t j we check fillip or < \A2 1) (cf. .Step [2] in Section [6]). 



• Defining the divisor B on Z after checking (IC5j) and (IC6j) (cf. .Ste^^in Section [6]). 

• Defining the birational morphism y> : M — > K and the union D of linear chains of 
rational curves on M satisfying ( 1C7|) -( ICTT]) . For the ampleness of Kx t , we check 
(03]) (cf. Step H in Section ED . 

• If possible, proving the ampleness of Kx (equivalent to the absence of (— 2)-curves 
on M \ D) using (L4ip - (L4.3p . or another argument (cf. Proposition 16.61 (HP). 

• Proving that M \ D is simply connected (with respect to the euclidean topology) 
when k = C using Lemma f6.10.ll or referring to papers [33], [12] and |43j . 

Having done these tasks, we obtain the desired surfaces by Propositions 16.81 and 16.111 
The proof of the Main Theorem is written at the end. 

Notation. • Let (x : y : z) be a homogeneous coordinate of P 2 . 

• A (— /c)-curve means a non-singular rational curve with self-intersection number 
—k. 

• The symbol LC(&i, ...,&/) expresses a linear chain E = Y2i=i &i °f smooth rational 
curves with the dual graph 

Ei E 2 Ei 

o— 



such that Ef = —bi for 1 < i < I. Here, Ei is called the i-th component. 

• For a non-zero regular section of an invertible sheaf, (0)o denotes the divisor of 
zeros of <p. 

• The configuration type of singular fibers for a minimal elliptic fibration is the list 
of singular fibers written by Kodaira's symbol (cf. [2H Theorem 6.2]). 

Example 7.1. Assume that char(k) ^ 2,3, and we set K 2 = 2. Here, we use essentially 
the same construction as in [33] Section 3]. We set 

0o := (3xy - z 2 )z and 0^ := (x + y) 3 . 



58 



YONGNAM LEE AND NOBORU NAKAYAMA 



Then, $ = (0o)o = Q + L\ and $oo = (0oo)o = 3L 2 for the conic Q := (3xy - z 2 ) 
and for the lines L 1 := (z) and L 2 : = (x + y) . Thus, (|Cip holds. Moreover, (RJ2|) 
also holds; In fact, for c ^ 0, the divisor $ c = (0 Q + c</>oo)o is singular if and only if 
c = ±1/2, where $1/2 and $-1/2 are nodal rational curves with the nodes at (1 : — 1 : 1) 
and (1:1: 1), respectively. On the minimal elliptic fibration 71: Y — > P^ defined by 
the configuration type of singular fibers is (IV*, I2, Ii, Ii), and the (— l)-curves exceptional 
for Y — > Fl are mutually disjoint sections Si, S 2 , and S3 as in Figured) Let F\ and F 2 be 



the proper transforms of $1/2 and $-1/2 in Y, respectively. These are the singular fibers 
of type Ii, and we define F := F% + F 2 . The singular fiber of type I 2 is the union of the 
proper transforms Q~ and L± of Q and Li in Y, respectively. The central irreducible 
component of the singular fiber of type IV*, which meets three other components, is just 
the proper transform of L 2 in Y. We may assume that Si, S 2 , and S3 are contracted 



to the points (1 : — 1 : y/— 3), (1 : — 1 : — 3), and (1 : — 1 : 0), respectively, where 
Q n L 2 = {(1 : -1 : (1 : -1 : ~V^3)}, and L x n L 2 = (1 : -1 : 0). Hence, 5i 

and S2 intersect and £3 intersects We define S to be 5i + S 2 + S3. The union 
G + of all the (— 2)-curves on Y is just the union of the singular fibers of type IV* and I2. 
Hence, B + = F + G + + S satisfies the condition flC3p . We define G to be the union of 
the (— 2)-curves except for two (— 2)-curves: One is L± and the other is the irreducible 
component of the singular fiber of type IV* next to the end component meeting Si. Then, 
G satisfies (1C4I) . This is shown as follows: Now, G has three connected components whose 
dual graphs are of type A 5 , A 1; and A x . Hence, det(GjGj) = —24 ^ mod char(k) by 
det A n = (— l) n {n + 1). Thus, we have f|C4|) by Lemma IfTBl 

We shall prove (LAID . Let V — > be the blowing up at the point (1 : — 1 : >/— 3) G 
Q C\ L 2 . Then, V is the Hirzebruch surface of degree one and the proper transform Q' of 
Q in V is ample. For the total transform L[ of Li in V, we have an isomorphism from 




Figure 1 . The rational elliptic surface Y in Example 17.11 



Y \ (S U G) to the affine open subset V \ (Q' U L'J. Thus, (01]) holds. 
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By Figure [TJ we see that (1C5I) is true with the exceptional divisors J± and J 2 over the 
nodes, and that fj^6l) is also true. We define B := S + F + G , i.e., B does not contain J x 
and J 2 . 

We take a birational morphism <p: M — > Z so that the total transform 5^ of -B + in M 
as in Figure [2J Note that is determined uniquely by this figure. A detailed construction 




Figure 2. The rational surface M in Example 17.11 

of ip is written in [33] Section 3]. In particular, p(M) = p(Z) + 16 = 28 and K\ T = —18. 
Here, we can find a disjoint union D of the following five linear chains of smooth rational 
curves in ip~ 1 (B): 

D 1 = LC(2, 10, 2, 2, 2, 2, 2, 3), D 2 = LC(2, 7, 2, 2, 3), 
D 3 = LC(7,2,2,2), D 4 = LC(5,2), D 5 = LC(4) 

Then, (IC7I) is checked by comparing Figures [1] and [2j Moreover, (IC8I) is also true: In 
fact, Di, D 2 , D 5 define toric singularities of types T(l,15,8), T(l,9,5), T(l,5,l), 
T(l,3, 1), T(l,2,l), respectively (cf. Tabled]). Moreover, using Tabled], we can check 

K\ = K 2 M + 5(1, 15, 8) + 5(1, 9, 5) + 5(1, 5, 1) + 5(1, 3, 1) + 5(1, 2, 1) 
= -18 + 8 + 5 + 4 + 2 + 1 = 2. 

The condition (IC11I) is also checked by Figure [2J We shall show (IC10I) . By Lemma I6TT1 and 
by Figure[2] it suffices to check AEi > 1 for the (— l)-curves E\, E 2 , and E 3 characterized 
by: 

• E\ joins the (— 10)-curve of D\ and the end (— 2)-component of D3. 

• E 2 joins the end (— 2)-component of D 2 and (— 5)-curve of -D4. 

• E 3 joins the end (— 2)-component of D x and the (— 3)-curve of D 2 . 
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We can calculate AEi for i = 1, 2, 3 using Tabled! where the multiplicity q of the z-th 
irreducible component of the linear chain of type T(d, n, a) equals 1 — Ti/n. Thus, 

AE 1 = (1 - 1/15) + (1 - 4/5) > 1, AE 2 = (1 - 5/9) + (1 - 1/3) > 1, and 
AE 3 = (1 - 8/15) + (1 - 4/9) > 1. 

Hence, (1C10|) is satisfied. Looking at Figure [21 we have (1^4,31) immediately. Thus, K x 
is ample by (L41j) . (L43I) . and by Proposition 16.61 (14"]). The simply connectedness of X \ 
SingX ~ M \ D has been shown in the proof of [321 Theorem 3.1]. Thus, we have done 
all the tasks. 

Example 7.2. Assume that char(k) ^ 2 and we set K 2 = 2. We follow the construction 
in [331 Section 6, Construction]. We set 



Then, = (0oo)o = L x + 2L 2 for the lines L\ = (x + z) and L 2 = (z) , and $ — (0o)o 
is a nodal rational cubic curve with node at (0 : : 1). Furthermore, L 2 is the tangent 
line of $o at an inflection point (0 : 1 : 0) = L\ flL 2 . In particular, fICip holds. Moreover, 
flC2j) also holds: In fact, we can check the following: 



when char(k) ^ 5 and c = 1 ± \/3 when char(k) = 5. 
• Let c± be the constants (ll±5y / 5)/2 when char(k) 5 and 1±a/3 when char(k) = 
5. Then, the node of $ c± is (—(1 ± V / 5)/2 : : 1) when char(k) ^ 5 and 
(±2^3 : : 1) when char(k) = 5. 

On the minimal elliptic fibration tt: Y — > defined by $, the configuration type of 
singular fibers is (III*, L, L, L), and the (— l)-curves exceptional for Y — )• are mutually 
disjoint sections Si, S 2 , and S 3 as in Figure |3j Let Fi and F 2 be the proper transforms 
of $ c+ and $ c _ in Y, respectively. These are singular fibers of type L. We define 
F := F\ + F 2 . We may assume that Si, S 2 , and S 3 are contracted to the points (0:1: 0), 
(1 : \f I 2 : -1), and (1 : : -1), respectively, where $ nL 2 = L^L 2 = {(0:1: 0)} 

and $o H Lx = {(0 : 1 : 0), (1 : ±\/—2 : —1)}. An end component of the singular fiber 
of type III* is contracted to (0 : 1 : 0) and meets Si. Another end component is the 
proper transform of Lx in Y and meets S2 and S3. The other end component is the 
proper transform of L 2 in Y. We define S := S x + S 2 + S3. The union G + of (— 2)- 
curves on Y is just the support of the singular fiber of type III*. Thus, (IC3P holds for 
B + = F + G + + S. We define G := G + — L^. Then, G is connected with the dual graph 




(x + z)z 2 , if char(k) ^ 5, 
(x + 2z)z 2 , ifchar(k) = 5. 



• For c 7^ 0, the divisor $ c = (0 O + c0oo)o is singular if and only if c = (11 ± 5\/5)/2 
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Figure 3. The rational elliptic surface Y in Examples 17.21 



A 7 . Thus, det(GiGj) = —8 ^ mod char(k), and hence, we have (IC4I) by Lemma [6.31 
Furthermore, L4.ll) is true, since Y \ (S U G) is isomorphic to P 2 \ L\. 

We have (jTSD and (jSl on Z by looking at Figure EJ We define B := S + F + G, i.e., 
Ji and J2 are not contained in B. 

We take the birational morphism if : M — )■ Z so that the total transform of 5 + in 
M as in Figure 1 (cf. [331 Section 6, Fig. 4]). In particular, p(M) = p(Z) + 20 = 32 and 




-11 



Figure 4. The rational surface M in Example 17.21 

K\j = —22. Here, we can find a disjoint union D of the following five linear chains of 
smooth rational curves satisfying (IC7|) : 

D l = LC(2, 2, 11, 2, 2, 2, 2, 2, 2, 4), D 2 = LC(2, 2, 9, 2, 2, 2, 2, 4), 
D 3 = LC(7, 2, 2, 2), D 4 = LC(4), A, = LC(4). 



By Tables [TJ and [2], we see that the linear chains Di, . . . , D 5 define toric singularities of 
types T(l,25,17), T(l,19,13), T(l,5,l), T(l,2,l), T(l,2,l), respectively. Thus, (|C8]) 
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holds. We have ( |C9|) from the calculation 

K\ = K 2 M + 5(1, 25, 17) + 5(1, 19, 13) + 5(1, 5, 1) + 25(1, 4, 1) 
= -22 + 10 + 8 + 4 + 2 = 2 



using Tables [T] and |2J The condition ( IClip is checked by looking at Figure HI We shall 



prove flClOjl . By Lemma [6.71 it is enough to check AEi > 1 for the ^-exceptional (— 1)- 
curves E\, E 2 , E3 characterized by: 

• E\ joins the (— ll)-curve in D\ and the end (— 2)-curve in D%. 

• E 2 joins the (— 9)-curve in D 2 and the end (— 2)-curve of D 2 . 

• E3 joins (— 4)-curve in D 2 and the end (— 2)-curve in D\. 

Then, by Tables [1] and [2j we have: 

AE 1 = (1 - 1/25) + (1 - 4/5) > 1, AE 2 = (1 - 1/19) + (1 - 13/19) > 1, 
AE 3 = (1 - 6/19) + (1 - 17/25) > 1. 

Thus, (IClOj) is satisfied. The condition (M3I) is checked by looking at Figure HI Thus, Kx 
is ample by (L41I) . (L43I) . and Proposition 16.61 (T4"|). 

We shall prove that M \ D is simply connected when k = C (the proof is omitted in 
[S31 Section 6]). We apply Lemma [6. 1U. 11 Let T(di,rii,ai) be the type of the singular 
point defined by Di. Then, d± = • ■ ■ = d§ = 1 and (nj., . . . , n^) = (25, 19, 5, 2, 2). Looking 
at Figure HI we have: 

• the (— l)-curve E3 which meets end components of D\ and D 2 . 

• a (— l)-curve meeting the end (— 4)-component of Di and -D4 (resp. D 5 ). 

• a (— l)-curve meeting the end (— 7)-component of D% and D4. 

Since gcd(ni,n 2 ) = gcd(25, 19) = 1, gcd(ni, n 4 ) = gcd(ni,n 5 ) = gcd(25,2) = 1, and 
gcd(n 3 ,n 4 ) = gcd(5,2) = 1, the conditions of Lemma [6. 1U.1I are all satisfied, and hence 
M \ D is simply connected. Therefore, we have done all the tasks. 

Remark 7.2.1. It is known by [22] that there exist rational elliptic surfaces whose singular 
fibers are of configuration type (III*, Ii, Ii, Ii) in characteristic 3. 

Example 7.3. Assume that char(k) 7^ 2 and set K 2 = 1. We consider the same cubic 
pencil $ generated by $ and $oo in Example 17.21 Thus, (IC1I) and flC2p hold. On the 
elliptic fibration Y — > P£, let F = Fi + F 2 and S = S\ + S 2 + S3 be the same as in 
Example 17.21 but here we define G to be G + minus two irreducible components of the 
singular fiber of type III*; one is L 2 and the other is the component next to L^. Then, 
flT3|) and (EU) are also satisfied. For the blowing up V -t P 2 at (0 : 1 : 0) = L x n L 2 n $ 
and for the proper transform L[ of L x in V, we see that Y\(SUG) is isomorphic to V\L[ 



63 



minus a point, which is the image of Sx- In particular, the condition (L41j) is not satisfied. 
However, any projective curve contained in Y \ (S U G) is a non-singular rational curve 
having the self-intersection number zero and is mapped to a line of P 2 - passing through 
(0:1: 0). 

We have pa} and (El]) by Figure EJ We define B:= S + G + F. 

We take the birational morphism ip: M — > Z by the following steps: fTTT) — (TTiTh : 

(i) First, we blow up at the two intersection points Fx D S 2 and Fx fl S3. 

(ii) We blow up 4 times successively at the intersection point of F\ and the proper 
transform of Sx- Then, we have a linear chain LC(7, 2, 2, 2) of rational curves. 

(iii) Applying the same process in (JI|) and (Jn]) to F 2 , we obtain a rational surface M 
with p(M) = p(Z) + 12 = 24 and K 2 M = -14. 

Then, the total transform B\ { of B + is as in Figure 



\ -3 








\ 2 








> " 3 

..•••-2 

2 7 


1 

*'•-..— ! 

)-7 

-2 


"**-..— 1 

-2 ! 






-2 


-2 i 















Figure 5. The rational surface M in Example 17.31 

Here, we see that M has a disjoint union D of the following four linear chains of smooth 
rational curves: 

Dx = LC(7, 2, 2, 2) over Fx, D 2 = LC(7, 2, 2, 2) over F 2 , 
D 3 = LC(3, 2, 3), Dx = LC(9, 2, 2, 2, 2, 2). 

Then, fjTJ?]) and fjFJSj) hold: In fact, Dx, . . . , -D 4 define toric singularities of types T(l, 5, 1), 
T(l, 5, 1), T(3, 2, 1), T(l, 7, 1), respectively (cf. Tabled]). We have fl£9]) by the calculation 

K\ = K 2 M + 25(1, 5, 1) + 5(3, 2, 1) + 5(1, 7, 1) = -14 + 8 + 1 + 6 = 1 

using Table [U We can check (ICllj) and (1^43 j) by Figure [5] We shall prove f lClOj) . By 



Lemma [6.7[ it is enough to show AEi > 1 for i = 1, 2 for the (— l)-curves £?x, -E2 such 
that Ei joins the (— 9)-curve of Dx and the end (— 2)-curve of Di for i = 1, 2. By using 
Table [T] we have 

A Ex = AE 2 = (1 - 1/7) + (1 - 4/5) > 1. 
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Thus, (IClOp holds. The ampleness of Kx is proved as follows. Assuming the contrary, 
we have a (— 2)-curve V contained in M \ D by Proposition 16.61 (14"|). Then, T is not <p- 
exceptional by (L43 j) . and the projective curve f := r(ip(T)) is contained in Y\(GUS). By 



the property of this open subset of Y discussed above, f is a non-singular rational curve 
with self-intersection number zero and the image of T in P 2 . is a line L passing through 
(0:1:0). Since (p(T) is a (— 2)-curve, f is a bisection of Y — > P 1 passing through the 
nodes of F x and F 2 . Hence, L is a line passing through the nodes of $ c± ; thus, L = (y) . 
This contradicts L3 (0:1:0). Therefore, Kx is ample. 

We shall show that M \ D is simply connected when k = C. We apply Lemma [6.10.11 
Let T(di,rii,ai) be the type of Di for 1 < i < 4. Then, (cfi,...,d 4 ) = (1,1,3,1) and 
(ni, . . . , n 4 ) = (5, 5, 2, 7). Looking at Figure we have: 

• the (— l)-curve E4 which meets end components of D\ and D±. 

• the (— l)-curve E 2 which meets end components of D 2 and _D 4 . 

• a (— l)-curve meeting the end (— 3)-component of D 3 and the end (— 7)-component 
of D x . 

Since gcd(rf 1 ra 1 , <i 4 n 4 ) = gcd(d 2 n 2 , <i 4 n 4 ) = gcd(5, 7) = 1 and gcd(c?in 1 , ^3^3) = gcd(5,6) 
= 1, the conditions of Lemma r6.10.1l are all satisfied, and hence M\D is simply connected. 
Therefore, we have done all the tasks. 

Example 7.4. Assume that char(k) 7^ 2, and we set K 2 = 3. We follow the construction 
in @2l Section 3]. We set 

0o := (xy + z 2 )(x + y) and 0^ := xyz. 

Then, $ = Q + L4 and $oo = L\ + L 2 + L 3 for the conic Q = (xy + z 2 ) , and the 
lines Li = (x) , L 2 — (y)o> L 3 = (z) , and L 4 = (x + y) . In particular, (l(TT|) holds, and 
moreover, ( 1C2|) holds: In fact, for c 7^ 0, the divisor $ c = (0 O + c0oo)o is singular if and 
only if c = ±4, where $ 4 and $_ 4 are nodal rational curves with the nodes at (1 : 1 : — 1) 
and (1:1: 1), respectively. On the minimal elliptic fibration 71": Y — y P^ defined by 
the configuration type of singular fibers is (Is, I2, Ii, Ii), and the (— l)-curves exceptional 
for Y — > P^ are mutually disjoint four sections Si, . . . , 5 4 as in Figure (cf. [121 Section 
3, Figure 2] for E(l) (where the symbols are different from ours)). Let Fi and F 2 be 
the proper transforms of $ 4 and $_ 4 , respectively. These are the two singular fibers of 
type Ix- We define F := F\ + F 2 . The singular fiber of type l 2 is the union of the proper 
transforms Q~ and of Q and L 4 in Y. The singular fiber of type I§ contains the 
proper transforms L~, L^, and L3" of the lines L x , L 2 , and L3 in Y. The irreducible 
components of the singular fiber of type I 8 is labelled as r + T x + ■ ■ ■ + T 7 as a cyclic 
chain, where we set L± = r 1; L 2 = T 7 , and L 3 = T 4 . We may assume that Si, S 2 , S 3 , 
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Figure 6. The rational elliptic surface Y in Example 17.4 



and S4 are contracted to the points (0 : : 1), (0 : 1 : 0), (1 : : 0), and (1 : — 1 : 0), 
respectively, where L x n L 2 H L 4 = {(0 : : 1)}, L x n Q = L x H L 3 = {(0 : 1 : 0)}, 
L 2 n Q = L 2 n L 3 = {(1 : : 0)}, and L 3 D L A = {(1 : -1 : 0)}. Hence, Si intersects L4 
and T ; S 2 intersects Q~ and T 2 ; ^3 intersects Q~ and r 6 ; S4 intersects L4 and L3" = T 4 . 
We define S := Si + S 2 + S4 removing S 3 . Then, the condition (1T3|) holds. We define G 
to be 



Then, G has two connected components whose dual graphs are A7 and Ai. Thus, 
det((jj(jj) = 16 ^ mod char(k), and hence ( \C4\i is satisfied by Lemma 16.31 For 
(L4 lj) . since = 10, it is enough to prove that Si, S 2 , and the irreducible components 
of G are linearly independent in Pic(Y). Assume that 



for integers aj and m;. Then, calculating the intersection numbers with L^, S2, ^4, 
and T 3 , we have: 



0. Thus, we have the linear independence, and hence (L41j) . 

We have Q and Q on Z by looking at Figure EJ We define B := 5 + G + F. 
We take the birational morphism ip: M — > Y so that the total transform of 5 + in 
M as in Figure [7| (cf. [121 Section 3, Figure 5]). In particular, p(M) = p(Z) + 19 and 
K 2 M = —21. We have a disjoint union D of the following linear chains of smooth rational 





a 2 + 2a 3 — a x — 2a 3 = —a 2 + m 2 = a 3 + m 4 = m 2 + m 4 = 0. 



In particular, a x = a 2 = a 3 = m 2 = m 4 = 0. The other rrij are all zero, since det(GjGj) 7^ 
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Figure 7. The rational surface M in Example 17.41 

curves in ip~ 1 (B): 

£>i = LC(6, 8, 2, 2, 2, 3, 2, 2, 2, 2), D 2 = LC(4), 
L> 3 = LC(4, 7, 2, 2, 3, 2, 2), £> 4 = LC(9, 2, 2, 2, 2, 2). 

Then, (|C7]) holds. Moreover, (|EHD and (jC9]) hold: In fact, by Tables [TJ and El we see that 
Di, . . . -D 4 define toric singularities of type T(l,35,6), T(l,2,l), T(l, 15,9), T(l,7, 1), 
respectively, and we calculate 

K\ = K 2 M + 5(1, 35, 6) + 5(1, 2, 1) + 5(1, 15, 9) + 5(1, 7, 1) = -21 + 10 + 1 + 7 + 6 = 3. 



The conditions (ICllI) and (\A3\i follow immediately from Figure [TJ We shall show (IClOp 
using Lemma \6. 71 Then, it suffices to prove AEi > 1 for the (— l)-curves E\, E 2 , and E% 
determined by: 

• E\ joins the (— 7)-curve in D% and the end (— 2)-component of D\. 

• E 2 joins the (— 9)-curve in D 4 and the end (— 2)-component of D 3 . 

• E% joins the (— 8)-curve in D\ and the end (— 2)-component of D±. 

Then, by Tables [1] and [2], we have: 

AE 1 = (1 - 1/19) + (1 - 29/35) > 1, AE 2 = (1 - 1/7) + (1 - 14/19) > 1, 

AE 3 = (1 - 1/35) + (1 - 6/7) > 1. 



This establishes (ICIOI) . The ampleness of K x follows from <\A1\) and fl^43p by Proposi- 
tion [621 (jlj) . The simply connectedness of M \ D has been shown in the proof of [4~2l 
Theorem 3.1]. Thus, we have done all the tasks. 
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Remark 7.4.1. It is known by [22] that there exist rational elliptic surfaces whose singular 
fibers are of configuration type (I 8 , 1 1; I 1; I 2 ) in characteristic 3. In characteristic 2, this 
configuration does not exist by [29] . 

Example 7.5. Assume that char(k) ^ 2, and we set K 2 = 4. We follow the construction 
in [43j Section 2] . Here, we define 0o and 0oo to be the same as in Example 17.41 Thus, 
OCip and fjU2l) hold. On the elliptic fibration n: Y — >• P£, we have four sections S±, . . . , 
in Example I7.4[ but here, consider another horizontal curve N~ which is the proper 
transform of the line N := (x + y + 2z) in Y. Note that N contains (1 : —1 : 0) = L 3 nL 4 
and the node (1:1: -1) of $ 4 . We define S to be S 3 + S 4 + N~. We also set F = F 1 + F 2 
as in Example 17.41 Then, we can check (IC3P by Figure [S] (cf. [HH Figure 2]). We define 




Figure 8. The rational elliptic surface Y in Example 17.51 
the divisor G to be 

G + - T - L- - Q- = V 6 Ti + 

• 'i=i 

Note that Ti = L~, T 4 = Lg , and T 7 = L^. We shall prove 0C40 not using Lemma [p r T31 
Assume that we have a linear equivalence relation 

E6 
rriiGi + m 7 L2 + m 8 F 1 ~ pH 
i=i 

for integers mi, . . . , m%, p = char(k), and a Cartier divisor H on Y. Considering the 
intersection numbers with Q~ and Sj, we have 

pHQ~ = m 7 , pHSi = m 7 + m 8 , pHS2 = m2 + m 8 , and pHS 3 = rriQ + m 8 , 

which imply m 2 = rriQ = m 7 = m 8 = mod p. Moreover, we have m.;_i + rrii+i = 2rrii 
mod p for 2 < z < 6 by calculating pHYi. Thus, m 8 = mod p for any i, since p / 2. 
Hence, fjC4l) holds. The conditions (L42I) . fjC5l) . and fjC6|) follow immediately from Figure [HJ 
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We define B := S + G + F + J±, where we set F\ to be the proper transform of $4 in Y . 
Note that iV~ passes through the node of F\. 

We take the birational morphism (p : M — > Y by the same process as in [4*3l Section 2] 
for constructing Z = Y"jj9P 2 from Y, where the symbol Yjj9P 2 in [43] stands for a blown 
up surface of Y at nine (infinitely near) points. Thus, p(M) = p(Z) + 7 = 19, K\ t = —9, 
and the total transform of B + in M has a configuration in Figure |9] (cf. jl3l Figure 3]). 
Here, we can find a linear chain 




Figure 9. The rational surface M in Example 17.51 

£ = 1,0(2,4,6,2,6,2,4,2,2,2,3,2,3) 

of smooth rational curves satisfying (|C7|) . which corresponds to the solid lines of Figure [9j 
By Table [2], we see that D defines a toric singularity of type T(l, 252, 145), and 

K 2 M = K\ + 6(1, 252, 145) = -9 + 13 = 4. 

Thus, (IC8p and (IU9|) hold. The conditions (IClip and <\A3\i follow immediately from 
Figure |9j We shall prove ( IClOj) by using Lemma 16.71 Then, it suffices to show AE > 1 
for the (— l)-curve E which joins the end (— 2)-component and the end (— 3)-component 
of D. We have 

AE = (1 — 145/252) + (1 - 107/252) > 1 
by Table |2j Thus, ( IClOj) holds. The ampleness of Kx follows from ( L42 j) and ( L43 j) by 



Proposition 16.61 (14]). since B D J\. The simply connectedness of M \ D has been shown 
in the proof of [131 Proposition 2.1]. Thus, we have done all the tasks. 

Example 7.6. Assume that char(k) 7^ 3 and we set K 2 = 1. We define 

(p = x 2 y + y 2 z + z 2 x and (j)^ = 3xyz. 



69 



Then, $oo = (0oo) o = L x + L 2 + L 3 for the lines L x = (x) , L 2 = (y) , L 3 = (z) , and 
$0 — (0o)o is a smooth cubic curve such that 

$ok = P 2 + 2P 3 , $o|l 2 = 2P X + P 3 , $ |l 3 = A + 2P 2 

where P x = (1 : : 0), P 2 = (0 : 1 : 0), and P 3 = (0 : : 1). In particular, (EQ holds, and 
moreover, fjC2|) holds: In fact, since char(k) 7^ 3, for c 7^ 0, $ c = (0 O + c0oo)o is singular 
if and only if c = — uj 1 for i — 0, 1, 2, where a; is a primitive cubic root of 1, and is 
a nodal rational curve with the node at (1 : oj 1 : uo~ l ). We also define N to be the line 
passing through (0 : 1 : 0) = L\ flL 3 and the node (1 : 1 : 1) of Hence, N = (x — z) . 
Thus, we have Figure (TUl On the minimal elliptic fibration tc: Y — > defined by $, the 




Figure 10. A pencil of cubics in Examples 17.61 and 17.71 

configuration type of singular fibers is (I9, Ii, Ii, Ii), and the (— l)-curves exceptional for 
Y — > are mutually disjoint three sections Si, S 2 , and ^3 as in Figure [TTJ Here, the 




Figure 1 1 . The rational elliptic surface Y in Examples 17.61 and 17.71 

singular fibers of type Ii are the proper transforms of for % = 0, 1, 2. We set Pi and 
F 2 to be the proper transforms of $_i and respectively, and define F := Pi + F 2 . 
The irreducible components of the singular fiber of type I9 are labeled as Ti + • ■ ■ + Tg 
as a cyclic chain of smooth rational curves, where T 3i is the proper transform of L~ for 
i = 1,2, 3. We may assume that Sj is contracted to P, by Y — > P^ for j = 1, 2, 3. Then, 



SjTi 



1, if i = 3j + 4 mod 9, 



0, otherwise. 
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The proper transform iV~ of N in Y is a bisection of it : Y — > with self-intersection 
number zero and passing through the node of F x but no nodes of other singular fibers of 
type Ij. We have 

N~Sj = N~T 2 - 1 = iv~r 6 - 1 = iv-r^ = 

for any 1 < j < 3 and 1 < i ^ 2, 6 < 9. We define S := S 2 + iV~. Since the union G + of 
all the (— 2)-curves on Y are the singular fiber of type Ig, we have f|C3|) . We define 

g := g + - r 3 - r 4 - r 5 - r 8 - r 9 = f x + f 2 + f 6 + f 7 . 

Then, G has two connected components with the dual graph A 2 . Hence, det(GjGj) ^ 
mod char(k), and (1C4|) holds by Lemma 16.31 The condition (L42j) fails: In fact, T 4 C 
K \ (S U (5). Thus, it is impossible to require Kx to be ample by Proposition 16.61 (141). 
The conditions flC5p and (IC6I) on Z follow immediately from Figure [TT1 We define B := 
S + G + F + Jx- Note that iV" passes through the node of Fx. 

We take the birational morphism ip: M — > Z so that the total transforms of B + J 2 and 
G + in M form a configuration of curves as in Figure fT2l Then, p(M) = p(Z) + 5 = 17 
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Figure 12. The rational surface M in Example 17.61 

and K 2 M = —7. Here, we have a disjoint union D of the following three linear chains of 
rational curves satisfying f )C7|) : 



D x = LC(4,5,3,2,2), D 2 = LC(5,2), D 3 = LC(3,3). 

By Tables [1] and El Z>x, -D 2 , and D 3 define toric singularities of type T(l, 11, 3), T(l, 3, 1) 
and T(2, 2, 1), respectively, and 

i^x = K 2 M + 5(1, 11, 3) + 5(1, 3, 1) + 5(2, 2, 1) = -7 + 5 + 2 + 1 = 1. 



Thus, ( 1C8j) and ( 1C9|) hold. The condition (ICllj) follows immediately from Figure [T2j We 



shall prove (IClOp by using Lemma [6.71 Then, it suffices to show AE > 1 for the (— 1)- 
curve E which joins the end (— 4)-component of D x and the end (— 2)-component of D 2 . 
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By Tables [T] and [21 we have 

AE = (1 - 3/11) + (1 - 2/3) > I. 

Hence, (IClOp follows. We shall prove the simply connectedness of M \ D in case k = C 
by applying Lemma 16.1 0.1 1 We have (d\, d 2 , ^3) = (1, 1, 2) and (ni, n 2 , n 3 ) = (11, 3, 2) for 
the type T(<ij, n i; a^) of the singularity defined by .Dj for 1 < i < 3. Looking at Figure [T2l 
we have the following (— l)-curves: 

• the (— l)-curve E which meets end components of D\ and D 2 . 

• a (— l)-curve meeting the end (— 4)-component of D\ and an end (— 3)-component 
of D 3 . 

Since gcd(<i 1 ?T, 1 , d 2 n 2 ) = gcd(ll,3) = 1 and gcd(<iin 1 , d 3 n 3 ) = gcd(ll,4) = 1, the condi- 
tions of Lemma 16.10.11 are all satisfied, and hence M \ D is simply connected. Therefore, 
we have done all the tasks. 

Example 7.7. Assume that char(k) 7^ 3 and we set K 2 = 3. We consider the same cubic 
pencil $ as in Example 17.61 We also consider the same F = Fi + E 2 , but define 

S ■= S 1 + N~ and G := G + - L7 = V r 4 . 

Then, (IC10 . (1T2|) . and (IT3l hold automatically. Moreover (|C40 by Lemma [673| since the 
dual graph of G is A§ and det(G'iGj) ^ mod char(k). We have (\A2 j) immediately from 
Figure [TTJ As in Example 17.6} flC5p and (IC6I) hold on Z. But, we define here G to be 
S + F + Ji + J 2 . Let <y?: M — > Z be the birational morphism such that the total transform 
B+ of B + is as in Figure M Then, p(M) = p(Z) + 15 = 27 and K 2 M = -17. Here, 




Figure 13. The rational surface M in Example 17.71 

we have a disjoint union D of the following three linear chains of smooth rational curves 
satisfying ( 1C7|) : 

D 1 = (2, 7, 7, 2, 2, 3, 2, 2, 2, 2, 3) D 2 = (5, 3,2,2), ^ = (9,2,2,2,2,2). 
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By Tables [T] and El Di, D 2 , and D 3 define the toric singularities of type T(l,63,34), 
T(2,4, 1), and T(l, 7, 1), respectively, and 

K\ = K 2 M + 5(1, 63, 34) + 5(2, 4, 1) + 5(1, 7, 1) = -17 + 11 + 3 + 6 = 3. 



Thus, fjUSl) and fjT9l) hold. The conditions (IC11I) and (L4.3P follow immediately from 



Figure [131 We shall prove fIClOl) by using Lemma 16.71 Then, it suffices to check AEi > 
for z = 1, 2, 3 for the (— l)-curves Ex, E 2 , and E 3 on M characterized by: 

• Ei joins the end (— 2)-component of D 2 and the (— 9)-curve in D 3 . 

• E 2 joins the end (— 2)-component of D3 and the third component of Di which is 
a (— 7)-curve. 

• E3 joins the end (— 2)-component of Di and the second component of Di which 
is a (— 7)-curve. 

By Tables [T] and [21 we can calculate 

A Ei = (1 - 3/4) + (1 - 1/7) > 1, AE 2 = (1 - 6/7) + (1 - 1/63) > 1, 
AE 3 = (1 - 34/63) + (1 - 5/63) > 1. 



Hence, fIClOj) holds. The ampleness of Kx follows from ( L42 j) and (L43j) by Proposi- 



tion 16.61 (jl]) . We shall show that M \ D is simply connected when k = C by applying 
Lemma 16.10.11 We have (di,d 2 ,d 3 ) = (1,2,1) and (rii,n 2 ,n 3 ) = (63,4,7) for the type 
T(di, rii, cii) of the singularity defined by Di for 1 < i < 3. Looking at Figure [T3"l we have 
the following two (— l)-curves: 

• the (— l)-curve Ei which meets end components of D 2 and D3. 

• a (— l)-curve meeting the end (— 3)-component of Di and the end (— 5)-component 
of D 2 . 

Since gcd(d 2 n 2 , d^n^) = gcd(8, 7) = 1 and gcd(dini,d 2 n 2 ) = gcd(63,8) = 1, the condi- 
tions of Lemma 16.10.11 are all satisfied, and hence M \ D is simply connected. Therefore, 
we have done all the tasks. 

Example 7.8. Assume that char(k) 7^ 3 and we set K 2 = 2. We define 

0o = x 3 + yz(y + z) and (f)^ = 3xyz. 

Then, $ is a smooth cubic curve, and = Li+L 2 +L 3 for the lines Li = (x) , L 2 = (y) , 
and L 3 = (z) . In particular, f lCT]) holds. Here, note that P 3 = (0 : : 1) = Li R L 2 and 
P 2 = (0 : 1 : 0) = Li fl L 3 are inflection points of Qq, and that L 2 and L 3 are the tangent 
lines of $0 at P 3 and P 2 , respectively (cf. Figure H4]) . The condition (1C2j) also holds. In 
fact, for c / 0, the divisor $ c = (0 O + c0oo)o is singular if and only if c = —u 1 for i = 0, 
1,2, where w is a primitive cubic root of 1, and is a nodal rational curve with the 
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Figure 14. A pencil of cubics 

node at (1 : uj % : to 1 ). We define N to be the line passing through (0:1: —1) G $o H Li 
and the node (1 : 1 : 1) of Thus, N = (2x — y — z) (cf. Figure [T4"|) . On the minimal 
elliptic fibration tt: Y — > P^ defined by $, the configuration type of singular fibers is 
(Ig, Ii, Ii, Ii), and the (— l)-curves exceptional for Y — > P^ are mutually disjoint sections 
Si, §2, and S3 as in Figure [15j We may assume that Si, S2, S3 are contracted to the 





Figure 15. The rational elliptic surface Y in Example 17.81 

points (0 : 1 : -1) G $ n L u P3 = (0 : : 1), and P 2 = (0 : 1 : 0), respectively. The 
three singular fibers of type Ii of tt are the proper transforms of $-0,* for % = 0, 1, 2. 
We set Fi and F 2 to be the proper transforms of $_i and respectively, and define 
F — F\ + F2. The irreducible components of the singular fiber of type I9 are labeled as 
r + r 1 + - • - + r 8 as a cyclic chain of rational curves in such a way that T = T 4 = L 2 , 
and = where L~ is the proper transform of Li in Y for % = 1, 2, 3. Then, 

SiT = S2V3 = S 2 T 6 = 1, and SjVi = 

for other with < % < 8 and 1 < j < 3. The proper transform iV~ of in Y is a 
bisection of tt with self-intersection number zero passing through the node of Fx but no 
nodes of the other singular fibers of type Ii. We have 

N~Sx = N~T A = N~T 5 = 1, and N~Sj = N~Ti = 

for < % / 4, 5 < 8 and j = 2, 3 (cf. Figure H5J). We define S := S 3 + N~. Since the 



union G + of all the (— 2)-curves on Y is just the singular fiber of type I9, we have (Oj) 
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We define 

g -.= g + - r 2 - r 3 - r 4 = V r 4 . 

We shall show (jC4ft without using Lemma [6.31 Assume that 

E8 
rriiTi ~ pif 
i=0 

for a Cartier divisor if, integers ai, a 2 , mo, . . . , mg with m 2 = 7723 = m 4 = 0, where 
p = char(k). Considering the intersection numbers with Si, S 3 , iV~, r 1; r 2 , T 5 , we have 

a 2 + mo = — ai + rriQ = = tuq — 2m\ = mi = a 2 — 2ms + mg = mod p. 

Thus, a\ = a 2 = mj = mod p for < i < 6. Moreover, we have = m 8 = 
mod p by considering the intersection numbers with To and Tg. Hence, (1C4|) holds. The 
condition (j^42p fails. In fact, r 4 cF \ (SUG). Thus, it is impossible to require K x to be 
ample by Proposition 16.61 (j4l). The conditions (IC5I) and (IC6I) on Z follow from Figure fT5l 
immediately. We define B := S + G + F + J 1 . 

We take the birational morphism ip: M — > Z so that the total transforms of B + J 2 and 
G + in M form a configuration of curves as in Figure [16j Then, p{M) = p(Z) + 8 = 20 




Figure 16. The rational surface M in Example 17.81 

and K\j = —10. Here, we have a disjoint union D of the following two linear chains of 
smooth rational curves satisfying ( 1C7|) : 



D 1 = LC(6, 5, 2, 3, 2, 3, 2, 2, 2, 2), £> 2 = LC(7, 2, 2, 2). 

By Tables [1] and El D\ and _D 2 define toric singularities of type T(3, 23, 4) and T(l, 5, 1^ 
respectively, and 

= ^ + 5(3, 23, 4) + 5(1, 5, 1) = -10 + 8 + 4 = 2. 



Thus, t lCSp and (IC9P hold. The condition fIClip follows immediately from Figure dHl We 
shall prove (ICIOP using Lemma IfTTl Then, it suffices to show AE > 1 for the (— l)-curve 
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E which joins the (— 6)-curve of D\ and the end (— 2)-component of D2. By Tables[T]and 
[21 we have 

AE = (1 - 4/23) + (1 - 4/5) > 1. 

Hence, (1C10I) holds. We shall prove the simply connectedness of M \ D in case k = C 
by applying Lemma [6.1 0.1 1 We have (di,d 2 ) = (3, 1) and (ni,n 2 ) = (23,5) for the type 
T(di, Hi, Oj) of the singularity defined by Di for i — 1,2. Since the (— l)-curve i£ meets end 
components of L>i and D 2 and since gcd(c?in 1 , d 2 n 2 ) = gcd(3 x 23, 5) = 1, the conditions 
of Lemma 16.10.11 are satisfied, and hence M \ D is simply connected. Therefore, we have 
done all the tasks. 

Finally, we shall prove our main result. We restate the result. 

Main Theorem. For any algebraically closed field k and for any integer 1 < K 2 < 4, 
there exists an algebraically simply connected minimal surface § of general type over k 
with p g (S) = q(S) = dimH 2 (§,6 s/k ) = and K 2 = K 2 except (char(k), K 2 ) = (2,4), 
where Og/k denotes the tangent sheaf. Moreover, one can find such a surface with ample 
canonical divisor when 1 < K 2 < 4, except (char(k), K 2 ) = (2, 1), (2,2), and (2,4). 

Proof. Assume that (p,K 2 ) 7^ (2,4). Then, we have an algebraically simply connected 
minimal surface § of general type defined over k such that p g (S) = q(S) = dimH 2 (§, 6§ /k ) 
= and Kg = K 2 by Propositions 16.81 and 16.111 applied to Examples I7.1H7.8I above. In 
fact, the case K 2 = 1 is treated in Examples 17.31 (when p 7^ 2) and 17.61 (when p ^ 3); 
the case K 2 = 2 in Examples 17.11 (when p / 2, 3), 17.21 (when p ^ 2), and 17.81 (when 
p 7^ 3); the case K 2 = 3 in Examples 17.41 (when p / 2) and 17.71 (when p ^ 3); and the 
case K 2 = 4 in Example 17.51 (when p 7^ 2). Here, Kx is not ample only in Examples 17.61 
and 17.81 Thus, we can require K§ to be ample if (p, K 2 ) 7^ (2, 1), (2, 2). Hence, the proof 
has been completed. □ 
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